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PERTURBED GEODESICS ON THE MODULI SPACE OF FLAT
CONNECTIONS AND YANG-MILLS THEORY
RE´MI JANNER
Abstract. If we consider the moduli space of flat connections of a non trivial
principal SO(3)-bundle over a surface, then we can define a map from the
set of perturbed closed geodesics, below a given energy level, into families
of perturbed Yang-Mills connections depending on a parameter ε. In this
paper we show that this map is a bijection and maps perturbed geodesics into
perturbed Yang-Mills connections with the same Morse index.
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1. Introduction
The moduli space of flat connections for a principal bundle over a surface Σ with
genus g is an infinite dimensional analogue of a symplectic reduction and was inves-
tigated for the first time in 1983 by Atiyah and Bott (cf. [1]) who showed that, on
this particular moduli space, one can define an almost complex structure induced
by the Hodge-*-operator acting on the 1-forms over Σ and hence induced by its
Date: November 13, 2018.
2010 Mathematics Subject Classification. 53C22, 53C07, 53D20, 35J60.
Key words and phrases. adiabatic process, flat connection, geodesic, moduli space, Yang-Mills
equation.
The author want to express his gratitude to Dietmar Salamon for suggesting this problem to
him and for valuable discussions. For partial financial support we are most grateful to the ETH
Zurich (grant TH-0106-1).
1
2 RE´MI JANNER
conformal structure; with the almost complex structure and the inner product on
the 1-forms one can also obtain a symplectic form. Furthermore, if we choose a
principal non trivial SO(3)-bundle, then the moduli space Mg(P ), defined as the
quotient between the space of the flat connections A0(P ) ⊂ A(P ) and the identity
component of the gauge group G0(P ), is a smooth compact symplectic manifold of
dimension 6g − 6 (cf. [2]). In the nineties some aspects of the topology of Mg(P )
were investigated by Dostoglou and Salamon in [3], where they proved an isomor-
phism between the symplectic and the instanton Floer homology related to this
moduli space, and in the work of Hong (cf. [5]). Hong took an oriented compact
manifold B with a Riemannian metric gB and a harmonic map φ : B → Mg(P )
and he showed that if the Jacobi operator of φ is invertible, then there exist a con-
stant ε0 and, for 0 < ε < ε0, a family A
ε of Yang-Mills connections of the principal
SO(3)-bundles P × B → Σ × B, where the base manifold has a partial rescaled
metric gΣ⊕ 1ε2 gB, which converges to the connection that generates φ. In this paper
we choose B = S1 and a slightly different rescaling of the metric and we extend the
results of Hong; more precisely the setting is the following one.
On the one hand, we consider the loop space onMg(P ) and its elements can be
seen as connections A(t) + Ψ(t)dt on a the manifold Σ × S1, where A(t) ∈ A0(P )
and Ψ(t) is a 0-form in Ω0(Σ, gP ), satisfying the condition d
∗
A (∂tA− dAΨ) = 0.
The 1-form ∂tA − dAΨ corresponds to the speed vector of our loop and thus the
perturbed energy functional is
(1.1) EH(A) =
1
2
∫ 1
0
(
‖∂tA− dAΨ‖2L2(Σ) −Ht(A)
)
dt
whereHt : A(P )→ R is a generic equivariant Hamiltonian map which is introduced
in order to obtain an invertible second variational form. On the other hand, we
can take the 3-manifold Σ×S1 with the metric ε2gΣ⊕ gS1 for a positive parameter
ε and consider the principal SO(3)-bundle P × S1 → Σ × S1. In this case, for
a connection Ξ = A + Ψ dt ∈ A(P × S1), where A(t) ∈ A(P ), Ψ(t) ∈ Ω0(Σ, gP )
the curvature is FΞ = FA − (∂tA − dAΨ) ∧ dt and thus the perturbed Yang-Mills
functional can be written as
(1.2) YMε,H(Ξ) = 1
2
∫ 1
0
(
1
ε2
‖FA‖2L2(Σ) + ‖∂tA− dAΨ‖2L2(Σ) −Ht(A)
)
dt.
Then, by a contraction argument one can define a map between the perturbed
geodesics below an energy level b, denoted by CritbEH , and the set of the perturbed
Yang-Mills connections CritbYMε,H with energy less than b provided that the pa-
rameter ε is small enough. Furthermore, this map can also be defined uniquely,
it is surjective and maps perturbed geodesics to perturbed Yang-Mills connections
with the same Morse index. Summarizing, in this paper, we prove the following
theorem.
Theorem 1.1. We assume that the Jacobi operators of all the perturbed geodesics
are invertible and we choose a regular value b of the energy EH and p ≥ 2. Then
there are two positive constants ε0 and c such that the following holds. For every
ε ∈ (0, ε0) there is a unique gauge equivariant map
T ε,b : CritbEH → CritbYMε,H
PERTURBED GEODESICS AND YANG-MILLS CONNECTIONS 3
satisfying, for Ξ0 ∈ CritbEH ,
(1.3) d∗εΞ0
(T ε,b(Ξ0)− Ξ0) = 0, ∥∥T ε,b(Ξ0)− Ξ0∥∥
Ξ0,2,p,ε
≤ cε2.
Furthermore, this map is bijective and indexEH (Ξ
0) = indexYMε,H (T ε,b(Ξ0)).
The result of Hong. Hong could assume that the harmonic map φ has an
invertible Jacobi operator because, even for an unperturbed energy functional, you
can reach this condition for example for a 2-dimensional manifold B and eventually
slightly perturbing the metric gB. For B = S
1 the Jacobi operator of a geodesic is
never invertible and for this reason we need to introduce a perturbation in our func-
tional EH as we will discuss in the section 3. Another important point worth to be
remarked is the different choice of the rescaling. On the one side, both choices give
the same equations for the Yang-Mills connections, for B = S1, if we do not con-
sider the Hamiltonian perturbation, and hence his methods work also in our case;
we can therefore say that Hong proved the existence of the map T ε,b. However, he
did not prove its uniqueness and its surjectivity. On the other side, the different
choice of the metric gives two different Yang-Mills energy functionals; in fact, us-
ing the metric gΣ ⊕ 1ε2 gS1 one obtains the Yang-Mills energy functional εYMε,
1
ε
H
instead of YMε,H and the properties of YMε,H will play a major role in the proof
of the surjectivity of T ε,b and in particular, to obtain the a priori estimates for the
curvature of the perturbed Yang-Mills connections.
Outline. The second section is of preliminary nature; in fact, first, we briefly
introduce the moduli space Mg(P ) := A0(P )/G0(P ) of flat connections of a non-
trivial principal SO(3)-bundle P over a surface (Σ, gΣ) of genus g. Then, on the
one hand, we discuss the equations of the perturbed closed geodesics onMg(P ) and
on the other hand, we introduce for a given ε > 0 the equations for the perturbed
Yang-Mills connections of the principal SO(3)-bundle P × S1 → Σ× S1 where the
metric on Σ is rescaled by a factor ε2. Next, we also define the norm which will
play a fundamental role in the proof of the theorem 1.1. In the successive two
sections we compute the linear (section 7) and the quadratic (section 8) estimates
and in section 9, we define the injective map T ε,b and furthermore, we prove that
this map is unique under the condition (1.3). In the next section, we show some
a priori estimates (section 10) that we need to prove the surjectivity of the map
T ε,b (section 11). We prove the surjectivity of the map T ε,b indirectly: We assume
that there is a sequence of perturbed Yang-Mills connections Ξεν , εν → 0, which
is not in the image of T εν ,b, and we show that this sequence has a subsequence
which converges to a geodesic Ξ0; then using the uniqueness property of T ε,b this
subsequence turn out to be in the image of T εν ,b(Ξ0) yielding a contradiction. In
the last section, we conclude the proof of the theorem 1.1 proving that T ε,b maps
perturbed geodesics to perturbed Yang-Mills connections with the same index (the-
orem 12.1); in fact the theorem 1.1 follows directly from the definition 9.5 of the
map T ε,b, its surjectivity (theorem 11.1) and the index theorem 12.1.
Remark 1.2. We denote by LbMg(P ) ⊂ LMg(P ) and by Aε,b(P ×S1) respectively
the subsets where EH ≤ b and YMε,H ≤ b. Since we have a bijection between the
critical points of the two functionals, we can also expect an isomorphism between
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the Morse homology, defined with the L2-flows, of the bounded loop space LbMg(P )
and that of the moduli space Aε,b(P × S1)/G0(P × S1), as it is explained in [6]:
Theorem 1.3. We assume that the energy functional EH is Morse-Smale. For every
regular value b > 0 of EH there is a positive constant ε0 such that, for 0 < ε < ε0,
the inclusion LbMg(P )→ Aε,b (P × S1) /G0 (P × S1) induces an isomorphism
HM∗
(LbMg(P ), EH ,Z2) ∼= HM∗ (Aε,b (P × S1) /G0 (P × S1) ,YMε,b,Z2) .
Remark 1.4. The manifold Mg(P ) = A0(P )/G0(P ) can be also interpreted as a
symplectic quotient defined with the moment map µ : A(P )→ Ω0(gP ), µ(A) = ∗FA
and thus we can also investigate the finite dimensions analogue of the correspon-
dence stated in the theorem 1.1. For this purpose we choose a finite dimensional
symplectic manifold X and a Lie group G acting free on it; we assume in addition
that a Hamiltonian action is generated by an equivariant moment map µ : X → g,
where g denotes the Lie algebra of G, with regular value 0 and that the compatible
almost complex structure J on X is G-invariant. Furthermore, we choose a time
dependent and G invariant potential Vt : X → R. On the one side, we can study the
perturbed geodesics on the symplectic quotient M := µ−1(0)/G, that we assume
compact, and hence the critical points of
(1.4) Eµ,V (x, ξ) := 1
2
∫ 1
0
(|x˙+ Lxξ|2 − Vt(x)) dt
for (x, ξ) ∈ L(µ−1(0))×L(g) and where Lx(t)ξ(t) ∈ Tx(t)X denotes the fundamental
vector field generated by ξ(t) ∈ g and evaluated at x(t). On the other side, we
choose on the loop space of X × g the twisted energy functional
(1.5) Eµ,V,ε(x, ξ) := 1
2
∫ 1
0
(
1
ε2
|µ(x)|2 + |x˙+ Lxξ|2 − Vt(x)
)
dt
for (x, ξ) ∈ L(X)×L(g). This last energy functional is the analogue of the perturbed
Yang-Mills energy functional YMε,H . Also for the finite dimensional case, we can
prove a bijection between the critical loops below a given energy level and for ε
small enough (cf. [7]).
2. Preliminaries
In the next sections we briefly explain the setting for our results, if the reader is
interested in more details we refer to [8]. In order to introduce the moduli space of
flat connections for a non-trivial principal SO(3)-bundle over a surface Σ, we first
explain some facts about a principal G-bundle pi : P → Σ where G is a compact
Lie group with Lie algebra g and P and Σ are smooth manifolds. The action of G
on P defines a vertical space
V :=
{ (
p, pξ :=
d
dt
∣∣∣∣
t=0
p exp(tξ)
)∣∣∣∣ p ∈ P, ξ ∈ g
}
⊂ TP
in the tangent bundle and hence a choice of a connection, i.e. an equivariant
function A : TP → g which satisfies
i) A(p, pξ) = ξ ∀p ∈ P, ∀ξ ∈ g,
ii) A(pg, vg) = g−1A(p, v)g ∀p ∈ P, ∀v ∈ TpP,
PERTURBED GEODESICS AND YANG-MILLS CONNECTIONS 5
could also be seen as a choice of an equivariant horizontal distribution H ⊂ TP
which corresponds to the kernel of A and at each point p ∈ P induces the short
exact sequence
0 −→ Hp = kerA(p, .) ι−→ TpP−→Vp −→ 0,
where ι is the inclusion of Hp in TpP and Vp the restriction of V at the point
p. In addition, since Vp = ker(dpi(p)) and TpP = Hp ⊕ Vp, dpi(p) induces an
isomorphism between Hp and Tpi(p)Σ, hence the horizontal distribution is isomorph
to the pullback pi∗TΣ and this observation implies that a vectorfield X on Σ has a
unique horizontal lift X˜ ⊂ H on P such that X˜(p) ∈ Hp and dppi(X˜(p)) = X(pi(p)).
The set of all the connections of a principal bundle is denoted by A(P ) and it is
an affine space; in fact, for every connection A0 ∈ A(P ), A(P ) = A0+Ω1Ad,H(P, g)
where Ω1Ad,H(P, g) denotes the set of all equivariant functions α : TP → g such that
V ⊂ kerα, i.e. α is horizontal. Similarly, ΩkAd,H(P, g) is the space of equivariant
and horizontal k-forms, i.e for an ω ∈ ΩkAd,H(P, g) we have
ω(pg; v1g, v2g, ..., vkg) =g
−1ω(p; v1, v2, ..., vk)g,
ω(p; v1, ..., vk) =0, if vi = pξ for an i ∈ {1, ..., k},
where p ∈ P, g ∈ G, ξ ∈ g, vi ∈ TpP, 1 ≤ i ≤ k. Therefore, the equivariant and
horizontal k-forms ΩkAd,H(P, g) correspond to the k-forms over Σ with values in the
adjoint bundle, i.e. ΩkAd,H(P, g)
∼= Ωk(Σ, gP ), where gP := P×Adg is the associated
bundle defined by the equivalence classes [pg, ξ] ≡ [p,Adgξ] ≡ [p, gξg−1].
The Lie group G(P ) of equivariant smooth maps u : P → G is called the gauge
group of P , i.e.
G(P ) := {u ∈ C∞(P,G) | u(pg) = g−1u(p)g, ∀p ∈ P, ∀g ∈ G}.
Since G acts on P , every element of the gauge group induces a gauge transformation
of the bundle P , i.e. u˜ : P → P ; p 7→ pu(p) which is a G-bundle isomorphism. A
gauge transformation u acts on the space of connections by
u∗A = u−1Au + u−1du
for A ∈ A(P ) and hence we can consider u as a change of coordinates. Furthermore,
since the Lie algebra of G(P ) is the space of the equivariant, horizontal 0-forms over
P , i.e Ω0(Σ, gP ), in order to compute the infinitesimal gauge transformation on a
connection A, we choose an element φ of the Lie algebra Ω0(Σ, gP ) and we set
ut = exp(tφ) = 1 + tφ+ O(t
2), then
(2.1)
d
dt
∣∣∣
t=0
(u∗tA) = −
d
dt
∣∣∣
t=0
(u−1t Aut + u
−1
t dut) = −[A, φ]− dφ = −dAφ.
In fact, choosing a connection A ∈ A(P ), we can define the covariant derivative
Covariant derivative
dA : Ω
0(Σ, gP )→ Ω1(Σ, gP ); φ 7→ dAφ = dφ+ [A, φ]
and the exterior derivative
dA : Ω
k(Σ, gP )→ Ωk+1(Σ, gP );ω 7→ dAω = dω + [A ∧ ω]
where [ω1 ∧ ω2] := ω1 ∧ ω2 − (−1)lkω2 ∧ ω1 denotes the super Lie bracket operator
for ω1 ∈ Ωl(Σ, gP ) and ω2 ∈ Ωk(Σ, gP ). The Hodge operator acts not only on
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Ωk(Σ), but on Ωk(Σ, gP ), too; in fact, since
1 Ωk(Σ, gP ) = Γ
( ∧k T ∗Σ ⊗ gP ), for
all ω ∈ Ωk(Σ), and all ξ ∈ Ω0(Σ, gP ), we define ∗(ω ⊗ ξ) := ∗ω ⊗ ξ. Therefore,
using two inner products, one on Ωk(Σ) defined using the Hodge operator and an
invariant inner product on the Lie algebra on Ω0(Σ, gP ), we have an inner product
on the k-forms Ωk(Σ, gP )
(2.2) 〈a, b〉 =
∫
Σ
〈a ∧ ∗b〉 ∀a, b ∈ Ωk(Σ, gP );
for two vectorfields X , Y on Σ, 〈a∧ b〉(X,Y ) = 〈a(X), b(Y )〉 − 〈a(Y ), b(X)〉. Using
this inner product we can define the adjoint operator
d∗A : Ω
k+1(Σ, gP )→ Ωk(Σ, gP )
of the exterior derivative dA, A ∈ A(P ).
For any connection A ∈ A(P ), the two form FA := dA+ 12 [A∧A] ∈ Ω2(Σ, gP ) is
called curvature of A and the gauge group acts by Fu∗A = u
−1FAu for every u ∈
G(P ). With this last definition it is possible to introduce the set of flat connections
A0(P ) := {A ∈ A(P ) | FA = 0}
and for an A ∈ A0(P ), since dA ◦ dA = 0, the cohomology groups
HkA(Σ, gP ) := kerdA/im dA
∣∣∣
Ωk(Σ,gP )
= ker dA ∩ kerd∗A
∣∣∣
Ωk(Σ,gP )
are well defined for any k ∈ N. Moreover, we have the orthogonal splitting
(2.3) Ωk(Σ, gP ) = dAΩ
k−1(Σ, gP )⊕HkA(Σ, gP )⊕ d∗AΩk+1(Σ, gP )
and we denote the canonical projection in to the harmonic forms by piA, i.e.
piA : Ω
k(Σ, gP )→ HkA(Σ, gP ).
3. The moduli space Mg(P )
For the following, we choose a compact oriented Riemann surface Σ of genus
g ≥ 1 and a non-trivial principal SO(3)-bundle pi : P → Σ; next, we define the
even gauge group G0(P ) as the unit component of G(P ) and for more details we
refer to [2]. Finally we can introduce the moduli space
Mg(P ) := A0(P )/G0(P )
which is a compact smooth manifold of dimension 6g−6 and if g ≥ 2, then it is also
connected and simply connected; these results were proved Dostoglou and Salamon
(cf. [2]) using the works of Newstead (cf. [11]).
Remark 3.1. If g = 2, then the moduli spaceM2(P ) can be seen as an intersection
of quadrics in P5 (cf. [12]) .
Remark 3.2. Since an element u ∈ G0(P ), which is an element of the isotropy
group2, maps P to the identity, the operator dA : Ω
0(Σ, gP ) → Ω1(Σ, gP ) is injec-
tive. Moreover, d∗AdA : Ω
0(Σ, gP ) → Ω0(Σ, gP ) is invertible, because the fact that
dA is injective implies that d
∗
A is surjective by the decomposition of Ω
0(Σ, gp), see
equation (2.3) and in addition im d∗A = im d
∗
AdA by the decomposition of Ω
1(Σ, gp).
1Γ
(
∧k T ∗Σ⊗ gP
)
denotes the sections of the bundle ∧kT ∗Σ⊗ gP → Σ.
2An u ∈ G(P ) is an element of the isotropy group of a connection A if and only if u∗A = A.
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The infinitesimal gauge transformation for Ψ ∈ Ω0(Σ, gP ) acts on a connection
by
A(P )→ TA(P ); A 7→ −dAΨ
and thus, the tangent space at [A] ∈Mg(P ), A ∈ A0(P ), can be identified with the
first homological group H1A(Σ, gP ), in fact by (2.1) and by the orthogonal splitting
kerdA = im dA ⊕H1A(Σ, gP ), we have
(3.1) TAA0(P )/im dA = ker dA/im dA = H1A(Σ, gP )
because the tangent space TAA0(P ) corresponds to the kernel of dA. Hence if we
choose a conformal structure on Σ, then we have a complex structure on Mg(P )
which is not, but the Hodge-*- operator acting on H1A(Σ, gP ). We refer to [2] and
[9] for more details.
Moreover, since the tangent space of [A] ∈ Mg(P ), for every A ∈ A0(P ), can
be identified with H1A(Σ, gP ), we have a symplectic form ωA(a, b) =
∫
Σ
〈a ∧ b〉, for
a, b ∈ H1A(Σ, gP ), and a complex structure defined by the Hodge-∗-operator. Since
the symplectic 2-form does not depend on the base connection A, it is constant and
thus, closed. Hence, Mg(P ) is a Ka¨hler manifold; this symplectic approach of the
space of connections was introduced by Atiyah and Bott in [1]. We conclude this
section with the following result (cf. [8] for the computations).
Lemma 3.3. We choose two flat connections A′, A′′ ∈ A0(P ), then
min
u∈G(P )
‖A′ − u∗A′′‖L2(Σ) ≤ d([A′], [A′′])
where d(·, ·) denotes the distance between [A′] and [A′′] on the smooth compact
manifold Mg(P ).
4. Perturbed geodesics on Mg(P )
The idea is to find a loop A ⊂ C∞(R/Z,A0) such that the projection Π(A)
on Mg(P ) is a geodesic, where Π : A0(P ) → Mg(P ); B 7→ [B], and since ∂tA ∈
TAA0 = H1A(Σ, gP ) ⊕ im dA and dΠ(A)∂tA ∈ TΠ(A)Mg(P ) which corresponds to
H1A(Σ, gP ),
0 = d∗A(∂tA− dAΨ) = dA(∂tA− dAΨ)
for a Ψ such that Ψ(t) ∈ Ω0(Σ, gP ) for all t ∈ S1. Hence, since d∗AdA is invertible,
Ψ is uniquely determined and
piA(∂tA) = ∂tA− dA(d∗AdA)−1d∗A∂tA = ∂tA− dAΨ.
The unperturbed energy of our curve is, therefore,
(4.1) E(A) =
1
2
∫ 1
0
|dΠ(A)∂tA|2dt = 1
2
∫ 1
0
|∂tA− dAΨ|2dt.
If we consider a time dependent Hamiltonian map
H¯ : R/Z×A0(P )→ R; (t, A) 7→ H¯t(A)
which is invariant under G0(P ) and constructed using the holonomy (see [2]); then
we can perturbe the energy functional subtracting from E the integral of H¯t(.), i.e.
(4.2) EH¯(A) =
1
2
∫ 1
0
|∂tA− dAΨ|2dt−
∫ 1
0
H¯t(A)dt.
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The equivariance of H¯t(·) means that we indroduce a perturbation on the energy
functional on the loop space of the smooth manifold Mg(P ). Weber ([17]) using
the Thom-Smale transversality proved that the set
νreg := {H ∈ C∞(S1 ×Mg(P ),R) |
The Jacobi operator for EH¯ is bijective for all critical loops}
is open and dense in C∞(S1×Mg(P ),R) endoved with the compact-open topology
and νreg is residual. Therefore we can choose H¯t near the zero function as we like
such that the Jacobi operator of EH¯ for all the perturbed geodesics is invertible and
from now our perturbation is choosen with this property. Furthermore, in the same
paper Weber proved that below a given energy level we have only finite perturbed
geodesics.
Next, we define a perturbation Ht : A(P ) → R, where Ht(A) = H¯(A) for every
A ∈ A0(P ). A first approach is to pick a gauge invariant holonomy perturbation on
A(P ) since every HamiltonianHt can be constructed in this way (cf. [2]); sinceHt is
constant along G(P )∗A for a given connection A ∈ A(P ) and TA(G(P )∗A) = im dA,
(4.3) dAXt(A) = 0.
Another possibility is the following. We pick a smooth map ρ : [0,∞) → [0, 1]
with the property that ρ(x) = 0 if x ≥ δ20 and ρ(x) = 1 if x ≤
(
2δ0
3
)2
for a δ0 which
satisfies the conditions of the lemmas A.1 and A.2 for p = 2 and q = 4. Then we
define Ht(A) = 0 for every A with ‖FA‖L2 ≥ δ0 and
Ht(A) := ρ
(‖FA‖2L2) H¯t (A+ ∗dAη(A))
otherwise, where η(A) is the unique 0-form given by the theorem A.2 for the con-
nection A. In this case, if A is flat then Ht(A+ ∗sdAη) is constant for every 0-form
η ∈ Ω0(Σ, gP ) and every s ∈ (−ε, ε) with ε sufficiently small and we can conclude
that dA ∗Xt(A) = 0. In both cases, the time-dependent Hamiltonian vector field
Xt : A(P )→ Ω1(gP ) is defined such that, for any 1-form α and any connection A,
dHt(A)α =
∫
Σ〈Xt(A) ∧ α〉.
Theorem 4.1. A closed curve A, A(t) ∈ A0 for all t ∈ S1 ∼= R/Z, descends to a
perturbed geodesic if and only if there are Ψ(t) ∈ Ω0(Σ, gP ) and ω(t) ∈ Ω2(Σ, gP )
such that
(4.4) −∇t(∂tA− dAΨ)− ∗Xt(A) − d∗Aω = 0,
(4.5) d∗A(∂tA− dAΨ) = 0,
where ∇t := ∂t + [Ψ, .]. If this holds, ω is the unique solution of
(4.6) dAd
∗
Aω = [(∂tA− dAΨ) ∧ (∂tA− dAΨ)]− dA ∗Xt(A).
Proof. See [5] or [8]. 
Remark 4.2. We defined the moduli space of flat connectionsMg(P ) by taking the
quotient A0(P )/G0(P ) where G0(P ) is the even gauge group and thus a geodesic
γ(t) ⊂Mg(P ) lifts to a closed path in A0(P ) which is unique modulo
G0
(
P × S1) := {g ∈ G(P × S1) | g(t) ∈ G0(P ) ∀t ∈ S1}.
The group G0
(
P × S1) acts clearly also on the connections A(P×S1) of a principal
bundle P × S1 → Σ× S1.
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We can therefore characterise the perturbed geodesics using the map
(4.7) F0(A,Ψ) :=
(−∇t(∂tA− dAΨ)− ∗Xt(A)
−d∗A(∂tA− dAΨ) ∧ dt
)
=
(F01 (A,Ψ)
F02 (A,Ψ)
)
defined for two loops A(t) ∈ A(P ) and Ψ(t) ∈ Ω0(Σ, gP ). In fact, a closed curve A,
A(t) ∈ A0(P ) for all t ∈ S1 ∼= R/Z, descends to a perturbed geodesic if and only if
F0(A,Ψ) ∈ im d∗A × {0}. Next, we denote the set of perturbed geodesics below a
energy level b by
CritbEH :=
{
A+Ψdt ∈ L(A0(P )⊗Ω0(Σ, gP ) ∧ dt)|EH(A) ≤ b, (4.4), (4.5)
}
.
The Jacobi operator of a loop A ⊂ A0, which descends to a perturbed geodesic on
Mg(P ), is given by (cf. [5] or [8])
D0(A)(α, ψ) =piA (2[ψ, (∂tA− dAΨ)] + d ∗Xt(A)α +∇t∇tα)
+ piA
(∗ [α ∧ ∗dA(d∗AdA)−1 (∇t(∂tA− dAΨ) + ∗Xt(A))])(4.8)
where α(t) ∈ H1A(t)(Σ, gP ), Ψ is defined uniquely by
(4.9) d∗A(∂tA− dAΨ) = 0
and ψ(t) ∈ Ω0(Σ, gP ) by
(4.10) − 2 ∗ [α ∧ ∗(∂tA− dAΨ)]− d∗AdAψ = 0.
5. Perturbed Yang-Mills connections
Now, we choose a Riemann metric gΣ on the surface Σ and we consider the
manifold Σ× S1 with the partial rescaled metric (ε2gΣ ⊕ gS1) for a given ε ∈]0, 1];
furthermore, we denote by piε : P × S1 → Σ× S1 the principal SO(3)-bundle over
Σ× S1 and we assume that the restriction P × {s} → Σ× {s} is non-trivial. If we
choose a connection Ξ = A+Ψ dt ∈ A(P×S1) whereA(t) ∈ A(P ), Ψ(t) ∈ Ω0(Σ, gP )
for all t ∈ S1, then the L2-norm induced by the metric (ε2gΣ⊕gS1) of the curvature
FΞ = FA − (∂tA− dAΨ) ∧ dt is given by
‖FΞ‖2L2 =
∫ 1
0
(
1
ε2
‖FA‖2L2(Σ) + ‖∂tA− dAΨ‖2L2(Σ)
)
dt;
if we add the same perturbation as in (4.2), we can define the perturbed Yang-Mills
functional
(5.1) YMε,H(Ξ) := 1
2
∫ 1
0
(
1
ε2
‖FA‖2L2(Σ) + ‖∂tA− dAΨ‖2L2(Σ)
)
dt−
∫ 1
0
Ht(A) dt.
A critical connection Ξε = Aε+Ψεdt ∈ A(P×S1) of YMε,H is called a perturbed
Yang-Mills connection and has to satisfy the equation d∗εΞεFΞε − ∗Xt(A) = 0 that
is equivalent to the two conditions
(5.2)
1
ε2
d∗AεFAε −∇t(∂tAε − dAεΨε)− ∗Xt(Aε) = 0,
(5.3) − 1
ε2
d∗Aε(∂tA
ε − dAΨε) = 0.
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In the following, if we write a perturbed Yang-Mills connection as Ξε = Aε +Ψεdt
with apex ε, then we mean that Ξε is a critical point of the functional YMε,H and
we denote the set of perturbed Yang-Mills connections below an energy level b by
CritbYMε,H :=
{
Ξε ∈A(P × S1)| YMε,H (Ξε) ≤ b, (5.2), (5.3)}.
If we fix a connection Ξ0 = A0+Ψ0dt, then we can define an ε-dependent map Fε,
for ε > 0, by Fε(A,Ψ) = Fε1 (A,Ψ) + Fε2 (A,Ψ) and
Fε1 (A,Ψ) =
1
ε2
d∗AFA −∇t(∂tA− dAΨ)− ∗Xt(A)
+
1
ε2
dAd
∗
A(A−A0)− dA∇t(Ψ −Ψ0),
(5.4)
(5.5) Fε2 (A,Ψ) =
(
− 1
ε2
d∗A(∂tA− dAΨ) +
1
ε2
∇td∗A(A−A0)−∇2t (Ψ −Ψ0)
)
∧ dt;
then the zeros of Fε are perturbed ε-Yang-Mills connections and they satisfy the
local gauge condition
d∗εΞ0
(
Ξ− Ξ0) = 1
ε2
d∗A0(A−A0)−∇Ψ
0
t (Ψ −Ψ0) = 0
respect to the reference connection A0 + Ψ0dt by the following remark already
considered by Hong (cf. [5]).
Remark 5.1. Ξε = Aε +Ψεdt is a perturbed Yang-Mills connection on P × S1 and
satisfies the gauge condition d∗εΞε(α
ε + ψεdt) = 0 with αε + ψεdt := Ξε − Ξ0 if and
only if
(5.6) dΞεd
∗ε
Ξε(α
ε + ψεdt) + d∗εΞεFΞε − ∗Xt(Aε) = 0.
One can see this deriving 5.6 by d∗εΞε .
Remark 5.2. If we choose 32 < p < ∞ and b > 0, then for every perturbed Yang-
Mills connection Ξε = Aε+Ψεdt ∈ A1,p(P×S1), there exists a gauge transformation
u ∈ G2,p0 (P × S1) such that u∗Ξε is smooth. A proof of this statement for weak
Yang-Mills connections can be found in [18] (cf. theorem 9.4) and the proof holds
also for perturbed Yang-Mills connections.
If we linearise the equations (5.2) and (5.3) we obtain the two components of the
Jacobi operator
Jacε,H(Ξε) : Ω1(Σ× S1, gP )→ Ω1(Σ× S1, gP )
of a perturbed Yang-Mills connection:
Jacε,H(Aε +Ψεdt)(α, ψ) =
1
ε2
d∗AεdAεα+
1
ε2
∗ [α ∧ ∗FAε ]
− d ∗Xt(Aε)α−∇t∇tα+ dAε∇tψ − 2[ψ, (∂tAε − dAεΨε)]
+
(
1
ε2
∗ [α ∧ ∗(∂tAε − dAεΨε)]− 1
ε2
∇td∗Aεα+
1
ε2
d∗AεdAεψ
)
dt,
(5.7)
for any α(t) ∈ Ω1(Σ, gP ) and ψ(t) ∈ Ω0(Σ, gP ). In 1982, Atiyah and Bott (cf.
[1]) showed that the Jacobi operator of a Yang-Mills connection Ξε = Aε + Ψεdt
is Fredholm of index 0; for the perturbed case we have the same result. First, we
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recall that the gauge group acts on the 1-forms adding the image of dΞε and hence
α+ ψ dt is an element of Ω1(Σ× S1, gP )/GΣ(P × S1) if and only if
0 = 〈α+ ψ dt, dΞεφ〉 = 〈d∗εΞε(α+ ψ dt), φ〉
for every φ ∈ Ω0(Σ × S1, gP ) and consequently, if and only if α + ψ dt ∈ ker d∗εΞε .
Therefore, under the condition d∗εΞε(α+ ψ dt) = 0 we have that
(5.8) Jacε,H(Ξε)(α + ψ dt) = Jacε,H(Ξε)(α + ψ dt) + dΞεd
∗
Ξε(α+ ψ dt)
which can be written as
(5.9) (d∗εΞεdΞε + dΞεd
∗ε
Ξε) (α+ ψ dt) + ∗[(α+ ψ dt) ∧ ∗FΞε ]− d ∗Xt(Aε)(α + ψ dt)
where the first term is the Laplace operator of α + ψ dt and the second one is of
order zero and thus, we have a selfadjoint elliptic operator and therefore, a Fredholm
operator with index 0. In addition, this can allow us to work with (5.9) instead of
using the Jacobi operator and (5.9) can be written as the operator Dε(A+Ψdt) :=
Dε1(A+Ψdt) +Dε2(A+Ψdt) dt given by
Dε1(A+Ψdt)(α, ψ) :=
1
ε2
(d∗AdAα+ dAd
∗
Aα+ ∗[α ∧ ∗FA])− d ∗Xt(A)α
−∇t∇tα− 2[ψ, (∂tA− dAΨ)]
Dε2(A+Ψdt)(α, ψ) :=
1
ε2
(2 ∗ [α ∧ ∗(∂tA− dAΨ)] + d∗AdAψ)−∇t∇tψ.
(5.10)
Moreover, the operator Dε is almost the linearisation of Fε; to be precise Dε
does not contain the derivatives of dA, d
∗
A and ∇t of the last two terms in both
components (5.4) and (5.5), because these can be treated like quadratic terms as
we will see in the lemma 8.2. If the reference connection A+Ψ dt is clear from the
context, then we will write the operators without indicating it.
6. Norms
If we fix a connection Ξ0 = A0 +Ψ0dt ∈ A(Σ× S1), then we can define a norm
on its tangential space and since A(Σ × S1) is an affine space, we can use it as a
metric on A(Σ × S1). Let ξ(t) = α(t) + ψ(t) ∧ dt such that α(t) ∈ Ω1(Σ, gP ) and
ψ(t) ∈ Ω0(Σ, gP ) or α(t) ∈ Ω2(Σ, gP ) and ψ(t) ∈ Ω1(Σ, gP ). Then we define the
following norms
‖ξ‖p0,p,ε :=
∫ 1
0
(
‖α‖pLp(Σ) + εp‖ψ‖pLp(Σ)
)
dt,
‖ξ‖∞,ε := ‖α‖L∞(Σ×S1) + ε‖ψ‖L∞(Σ×S1)
and
‖ξ‖pΞ0,1,p,ε :=
∫ 1
0
(
‖α‖pLp(Σ) + ‖dA0α‖pLp(Σ) + ‖d∗A0α‖pLp(Σ) + εp‖∇tα‖pLp(Σ)
)
dt
+
∫ 1
0
εp
(
‖ψ‖pLp(Σ) + ‖dA0ψ‖pLp(Σ) + εp‖∇tψ‖pLp(Σ)
)
dt,
‖ψ‖p0,p,ε :=
∫ 1
0
‖ψ‖pLp(Σ) dt.
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Inductively,
‖ξ‖pΞ0,k+1,p,ε :=
∫ 1
0
(
‖α‖pΞ0,k,p,ε + ‖dA0α‖
p
Ξ0,k,p,ε
+ ‖d∗A0α‖pΞ0,k,p,ε
)
dt
+
∫ 1
0
(
εp‖∇tα‖pΞ0,k,p,ε + ‖ψ dt‖
p
Ξ0,k,p,ε
)
dt
+
∫ 1
0
(
‖dA0ψ ∧ dt‖pΞ0,k,p,ε + εp‖∇tψ dt‖
p
Ξ0,k,2,ε
)
dt.
Also in this case, if the reference connection is clear from the context we write the
norms without mentioning it.
Remark 6.1. For i = 1, 2, we can define byW k,p(Σ×S1,ΛiT ∗(Σ×S1)⊗gP×S1) the
Sobolev space of the sections of ΛiT ∗(Σ×S1)⊗gP×S1 → Σ×S1 as the completion
of3
Γ(ΛiT ∗(Σ× S1)⊗ gP ) = Ωi(Σ× S1, gP×S1)
respect to the norm ‖ · ‖Ξ0,k,p,1. Furthermore, we can define the Sobolev space of
the connections on P × S1 as4
Ak,p(P × S1) = Ξ0 +W k,p,
where W k,p =W k,p(Σ× S1, T ∗(Σ× S1)⊗ gP×S1), Ξ0 ∈ A(P × S1).
Remark 6.2. The Sobolev space of gauge transformation G2,p0 (P × S1) is the com-
pletion of G0(P × S1) with respect the Sobolev W 1,p-norm on 1-forms, i.e. g ∈
G2,p0 (P × S1) if g−1dΣ×S1g ∈W 1,p and hence g : A1,p(P × S1)→ A1,p(P × S1).
Remark 6.3. The gauge condition d∗Ξε(Ξ
ε−Ξ0) = 0 assures us that if the perturbed
Yang-Mills connection Ξε is an element of A1,2(P × S1), then, for any k ≥ 2, there
is an u ∈ G2,p0 (P × S1) such that u∗Ξε ∈ Ak,2(P ) (cf. [18], Chapter 9).
We now choose a reference connection Ξ0 and analogously as for the lemma 4.1
in [3], if we define ξ¯ = α¯+ ψ¯ dt where α¯(t) = α(εs) and ψ¯(t) = εψ(εs), 0 ≤ t ≤ ε−1,
then ‖ξ‖k,p,ε = ε
1
p ‖ξ¯‖Wk,p . In addition, all the Sobolev inequalities hold as follows
by the Sobolev embedding theorem (cf. theorem B2 in [18]).
Theorem 6.4 (Sobolev estimates). We choose 1 ≤ p, q < ∞ and l ≤ k. Then
there is a constant cs such that for every ξ ∈W k,p(Σ×S1,ΛiT ∗(Σ×S1)⊗ gP×S1),
i = 1, 2, and any reference connection Ξ0:
(1) If l− 3q ≤ k − 3p , then
(6.1) ‖ξ‖Ξ0,l,q,ε ≤ csε1/q−1/p ‖ξ‖Ξ0,k,p,ε.
(2) If 0 < k − 3p , then
(6.2) ‖ξ‖Ξ0,∞,ε ≤ csε−1/p ‖ξ‖Ξ0,k,p,ε.
3Let E →M a vector bundle, then ΓE denotes the space of section of the bundle.
4For more information, see appendix B of [18].
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7. Elliptic estimates
The aim of this chapter is to estimate (theorem 7.2) the ‖ · ‖2,p,ε-norm of a 1-
form ξ = α + ψ dt using the Lp-norm of the operator Dε(Ξ) when Ξ = A + Ψdt
represents a perturbed closed geodesic on Mg(P ). We recall that we assume the
Jacobi operator to be invertible for every perturbed geodesic. Hong in [5] proved a
weaker estimate which, in our setting, can be identified with
‖α+ ψ dt− piA(α)‖1,2,ε + ε‖piA(α)‖1,2,ε
≤cε2‖Dε(Ξ + αε0)(α, ψ)‖0,2,ε + cε‖piADε(Ξ + αε0)(α, ψ)‖L2
where αε0 ∈ im d∗A is the unique solution of
d∗AdAα
ε
0 = ε
2∇t(∂tA− dAΨ) + ∗Xt(A0);
in addition, he estended the last estimate to
‖α+ ψ dt‖k,2,ε ≤ c‖Dε(Ξ + αε0)(α, ψ)‖k−1,2,ε
and with this inequality he proved the existence of a map from the perturbed
geodesics CritbEH to the perturbed Yang-Mills connections Crit
b
YMε,H , but he did
not show its uniqueness and its surjectivity. With the last two estimates is not
possible to obtain the uniqueness statement of the theorem 9.4 even for p = 2 and,
as we have already discussed, the surjectivity could not be established using his
rescaling of the metric, in particular because you can not expect that the norms of
the curvature ∂tA− dAΨ have a uniforme bound for all the Yang-Mills connections
below a given energy level.
For this chapter we choose a regular value b of the energy EH , we fix a perturbed
closed geodesic Ξ = A + Ψ dt ∈ CritbEH and we define every operator and every
norm using this connection. Since the perturbed geodesic Ξ is smooth, there is a
positive constant c0 which bounds the L
∞-norm of the velocity and its derivatives,
in particular
(7.1) ‖∂tA− dAΨ‖L∞ + ‖∇t (∂tA− dAΨ)‖L∞ ≤ c0.
In general, we denote a constant, which is needed to fulfill an estimate, by c; it
can therefore indicate different constants also in a single computation.
Theorem 7.1. We choose a constant p ≥ 2. If p = 2 we set j = 0 otherwise j = 1.
There exist two constants ε0 > 0 and c > 0 such that
(7.2) ‖ξ‖2,p,ε ≤ c (ε‖Dε(ξ)‖0,p,ε + ‖piA(α)‖Lp) ,
(7.3) ‖(1− piA)ξ‖2,p,ε ≤ c
(
ε2‖Dε(ξ)‖0,p,ε + ε‖piA(α)‖Lp + jε2‖∇2tpiA(α)‖Lp
)
,
‖α− piA(α)‖2,p,ε ≤cε2
(‖Dε1(ξ)‖Lp + ε2‖Dε2(ξ)‖Lp)
+ cε2
(
‖piA(α)‖Lp + ‖∇j+1t piA(α)‖Lp
)
,
(7.4)
for every ξ = α+ ψ dt ∈W2,p and 0 < ε < ε0.
We want also to remark that the estimates for p = 2 are enough to prove the
bijection between the critical connections, but for the identification between the
flows between the critical points, which is discussed in [6], we need the theorem
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also for p > 2. We recall that by the lemma 4.1 for perturbed geodesic Ξ = A+Ψdt
we can associate a two form ω defined as the unique solution of
dAd
∗
Aω = [(∂tA− dAΨ) ∧ (∂tA− dAΨ)]
which is equivalent to
ω = dA(d
∗
AdA)
−1(∇t(∂tA− dAΨ) + ∗Xt(A)).
Theorem 7.2. We choose p ≥ 2 and we assume that there is a constant c0 such
that
(7.5) |〈D0 (α¯) , α¯〉| ≥ c0 (‖α¯‖L2 + ‖∇tα¯‖L2)2
for every α¯ ∈W2,p. Then there are two constants c > 0 and ε0 > 0 such that
‖piA(α)‖Lp + ‖∇tpiA(α)‖Lp + ‖∇2tpiA(α)‖Lp
≤c(ε‖Dε (α, ψ) dt‖0,p,ε + ‖piA (Dε1 (α, ψ) + ∗[α ∧ ∗ω]) ‖Lp),(7.6)
(7.7) ‖α+ ψ dt‖2,p,ε ≤ c
(
ε ‖Dε(α, ψ)‖0,p,ε + ‖piA (Dε1(α, ψ) + ∗[α ∧ ∗ω]) ‖Lp
)
,
‖α+ ψ dt− piA(α)‖2,p,ε
≤c (ε2‖Dε(α, ψ)‖0,p,ε + ε‖piA (Dε1(α, ψ) + ∗[α ∧ ∗ω]) ‖Lp) ,(7.8)
‖α− piA(α)‖2,p,ε ≤cε2‖Dε1(α, ψ)‖Lp + cε4‖Dε2(α, ψ)‖Lp
+ cε2‖piA (Dε1(α, ψ) + ∗[α ∧ ∗ω]) ‖Lp
(7.9)
for every α+ ψ dt ∈W 2,p and 0 < ε < ε0.
Remark 7.3. The condition (7.5) is always satisfied whenever the Jacobi operatorD0
is invertible because there is a positive constant c sucht that ‖α¯‖2L2 ≤ c
〈D0(α¯), α¯〉
L2
and
‖∇tα¯‖2L2 = |〈piA (∇t∇tα¯) , α¯〉L2 | ≤ c
∣∣〈D0(α¯), α¯〉
L2
∣∣+ c‖α¯‖2L2
where the last estimate follows from the definition of D0(α¯) and (7.1).
We first prove the theorem 7.2 using the theorem 7.1 which will be discussed
later.
Proof of theorem 7.2. In order to prove the theorem we start with the estimates
proved by Hong (cf. [5]) and discussed in [8]
‖piA(α)‖L2 + ‖∇tpiA(α)‖L2
≤c‖piA
(Dεν1 (Ξ0)(α, ψ) + ∗[α ∧ ∗ω])‖L2 + c‖(1− piA)(α)‖L2
+ c‖∇t(1 − piA)(α)‖L2 + cε2‖∇tψ‖L2 + ε2‖ψ‖L2
+ cε2ν‖Dεν2 (Ξ0)(α, ψ)‖L2 ,
(7.10)
‖piA(α)‖L2 + ‖∇tpiA(α)‖L2
≤c (ε‖Dε (α, ψ) ‖0,2,ε + ‖piA (Dε1 (α, ψ) + ∗[α ∧ ∗ω]) ‖L2)
(7.11)
PERTURBED GEODESICS AND YANG-MILLS CONNECTIONS 15
and in addition for q ≥ 2 we have that
‖∇t∇tpiA(α)‖Lq ≤c ‖(dA + d∗A)∇t∇tpiA(α)‖Lq + ‖piA∇t∇tpiA(α)‖Lq
≤c ‖∇tpiA(α)‖Lq + c ‖piA(α)‖Lq
+ ‖piA (Dε1(α + ψdt)− ∗[α, ∗ω])‖Lq
+ c‖α‖Lq + c‖ψ‖Lq + c‖∇t(1− piA)α‖Lq
≤c (ε‖Dε (α, ψ) ‖0,2,ε + ‖piA (Dε1 (α, ψ) + ∗[α ∧ ∗ω]) ‖L2)
(7.12)
where the second inequality follows from the commutation formulas, the definition
of Dε1 and the triangular inequality and the third by the theorem 7.1 and (7.11).
Finally, in the case p = 2, the theorem 7.2 follows from the theorem 7.1 and from
the inequalities (7.11) and (7.12) for q = 2. For 2 < p < 6 we use the Sobolev’s
theorem 6.4 for ε = 1:
‖piA(α)‖Lp + ‖∇tpiA(α)‖Lp
≤c (‖piA(α)‖L2 + ‖∇tpiA(α)‖L2 + ‖∇2tpiA(α)‖L2)
≤c(ε‖Dε (α, ψ) dt‖0,2,ε + ‖piA (Dε1 (α, ψ) + ∗[α ∧ ∗ω]) ‖L2),
≤c(ε‖Dε (α, ψ) dt‖0,p,ε + ‖piA (Dε1 (α, ψ) + ∗[α ∧ ∗ω]) ‖Lp),
(7.13)
where the third step follows from the Ho¨lder identity. (7.12), (7.13) and the theorem
7.1 yield now to the estimates (7.7), (7.8) and (7.9). The estimate (7.6) follows then
from (7.12) with q = p, (7.7) and (7.8). In order to prove the estimates for p ≥ 6
we proceed in the same way. By the Sobolev’s theorem 6.4 for ε = 1 and the Ho¨lder
inequality:
‖piA(α)‖Lp + ‖∇tpiA(α)‖Lp
≤c (‖piA(α)‖L3 + ‖∇tpiA(α)‖L3 + ‖∇2tpiA(α)‖L3)
≤c(ε‖Dε (α, ψ) dt‖0,3,ε + ‖piA (Dε1 (α, ψ) + ∗[α ∧ ∗ω]) ‖L3),
≤c(ε‖Dε (α, ψ) dt‖0,p,ε + ‖piA (Dε1 (α, ψ) + ∗[α ∧ ∗ω]) ‖Lp).
(7.14)
The estimates (7.7), (7.8) and (7.9) are a consequense of (7.14) and the theorem
(7.1); (7.6) follows then from (7.12) with q = p, (7.7) and (7.8). 
Lemma 7.4. We have the following two commutation formulas:
(7.15) [dA,∇t] = −[(∂tA− dAΨ) ∧ · ];
(7.16) [d∗A,∇t] = ∗[(∂tA− dAΨ) ∧ ∗ · ].
Proof. The lemma follows from the definitions of the operators using the Jacoby
identity for the super Lie bracket operator. 
In the following pages we prepare the proof of the theorem 7.1 and in order to
do this we start showing the next result.
Theorem 7.5. For 1 < p < ∞ there exist two constants ε0 > 0 and c > 0 such
that
(7.17) ‖ψ‖2,p,ε ≤ c
(‖(d∗AdA − ε2∇t∇t)ψ‖Lp + ‖ψ‖1,p,ε)
(7.18) ‖α‖2,p,ε ≤ c
(‖(dAd∗A + d∗AdA − ε2∇t∇t)α‖Lp + ‖α‖1,p,ε)
for every 1-form α ∈W2,p and every 0-form ψ ∈W2,p, 0 < ε < ε0.
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Proof. We prove the theorem in four steps and in the first three we work in local
coordinates and hence we consider the following setting. We choose a metric g =
gR2⊕dt2 on U×R ⊂ R2×R with U open and contained in a compact set, a constant
connection Ξc = Ac +Ψcdt ∈ Ω1(U ×R, g) of the trivial bundle U ×R× SO(3)→
U × R which satisfies FAc = 0 and a positive constant c0. Furthermore we pick a
connection Ξ˜ = A˜+ Ψ˜dt ∈ Ω1(U × R, g) which satisfies
‖(A˜−A) + (Ψ˜ −Ψ) dt‖∞,ε + ‖d∗A(A˜−A)‖L∞ ≤ c0,
‖dA(A˜−A) + dA(Ψ˜−Ψ) dt‖∞,ε ≤ c0,
ε‖∇t(A˜−A) +∇t(Ψ˜−Ψ) dt‖∞,ε ≤ c0.
(7.19)
Step 1. For 1 < p <∞ there exists a constant c, such that
(7.20) ‖ψ‖W 2,p ≤ c (‖d∗dψ‖Lp + ‖ψ‖W 1,p)
(7.21) ‖α‖W 2,p ≤ c (‖(d∗d+ dd∗)α‖Lp + ‖α‖W 1,p)
holds for every 0-form ψ ∈W 2,pc (U×R, g) and every 1-form α ∈W 2,pc (U×R, T ∗(U×
R)× g) with compact support in U × R.
Proof of step 1. The first step follows directly from the Calderon-Zygmund inequal-
ity, i.e.
‖u‖W 2,p ≤ c (‖∆gu‖Lp + ‖u‖W 1,p)
for every u ∈ W 2,pc (U ×R) with compact support in U ×R. We refer to the chapter
2 and 3 of [18] for the details. 
Step 2. For 1 < p <∞ there exists a constant c, such that
(7.22) ‖ψ‖Ξc,2,p,ε ≤ c
(∥∥∥d∗AcdAcψ − ε2∇Ψct ∇Ψct ψ∥∥∥
Lp
+ ‖ψ‖Ξc,1,p,ε
)
(7.23) ‖α‖Ξc,2,p,ε ≤ c
(∥∥∥(d∗AcdAc + dAcd∗Ac − ε2∇Ψct ∇Ψct )α∥∥∥Lp + ‖α‖Ξc,1,p,ε
)
holds for every 0-form ψ ∈W 2,pc (U×R, g) and every 1-form α ∈W 2,pc (U×R, T ∗(U×
R)× g) with compact support in U × R.
Proof of step 2. First, since the norms ‖ · ‖W i,p and ‖ · ‖Ξc,i,p,1 are equivalent
‖ψ‖Ξc,2,p,1 ≤‖ψ‖W 2,p + c‖Ξc‖C1‖ψ‖W 1,p
≤c (‖(d∗d)ψ‖Lp + c‖ψ‖Ξc,1,p,1 + c‖Ξc‖L∞‖ψ‖Lp)
≤c
(∥∥∥d∗AcdAcψ −∇Ψct ∇Ψct ψ∥∥∥Lp + (1 + ‖Ξc‖C1)‖ψ‖Ξc,1,p,1
)
≤c
(∥∥∥d∗AcdAcψ −∇Ψct ∇Ψct ψ∥∥∥
Lp
+ ‖ψ‖Ξc,1,p,1
)
and analogously
‖α‖Ξc,2,p,1 ≤ c
(∥∥∥(d∗AcdAc + dAcd∗Ac −∇Ψct ∇Ψct )α∥∥∥
Lp
+ ‖α‖Ξc,1,p,1
)
.
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Next, we define a 0-form ψ¯ := ψ(x, εt), a 1-form α¯ := α(x, εt) and the connection
A¯(x, t) + Ψ¯(x, t)dt = A(x, εt) + εΨ(x, εt)dt, then
‖ψ‖Ξc,2,p,ε =ε
1
p ‖ψ¯‖A¯+Ψ¯dt,2,p,1
≤cε 1p
(∥∥∥d∗A¯dA¯ψ¯ −∇Ψ¯t ∇Ψ¯t ψ¯∥∥∥
Lp
+ ‖ψ‖A¯+Ψ¯dt,1,p,1
)
=c
(∥∥∥d∗AcdAcψ − ε2∇Ψct ∇Ψct ψ∥∥∥
Lp
+ ‖ψ‖Ξc,1,p,ε
)
and analogously,
‖α‖Ξc,2,p,ε =ε
1
p ‖α¯‖A¯+Ψ¯dt,2,p,1
≤cε 1p
(∥∥∥(d∗A¯dA¯ + dA¯d∗A¯ −∇Ψ¯t ∇Ψ¯t )α¯∥∥∥
Lp
+ ‖α‖A¯+Ψ¯dt,1,p,1
)
=c
(∥∥∥(d∗AcdAc + dAcd∗Ac − ε2∇Ψct ∇Ψct )α∥∥∥Lp + ‖α‖Ξc,1,p,ε
)
.

Step 3. For 1 < p <∞ there exists a constant c, such that
(7.24) ‖ψ‖Ξ˜,2,p,ε ≤ c
(∥∥∥d∗A˜dA˜ψ − ε2∇Ψ˜t ∇Ψ˜t ψ
∥∥∥
Lp
+ ‖ψ‖Ξ˜,1,p,ε
)
(7.25) ‖α‖Ξ˜,2,p,ε ≤ c
(∥∥∥(d∗A˜dA˜ + dA˜d∗A˜ − ε2∇Ψ˜t ∇Ψ˜t
)
α
∥∥∥
Lp
+ ‖α‖Ξ˜,1,p,ε
)
holds for every 0-form ψ ∈W 2,pc (U×R, g) and every 1-form α ∈W 2,pc (U×R, T ∗(U×
R)× g) with compact support in U × R.
Proof of step 3. The third step follows from the second step and the assumption
(7.19). 
Step 4. We prove the theorem.
Proof of step 4. We choose a finite atlas {Vi, ϕi : Vi → Σ×S1}i∈I of our 3-manifold
Σ× S1. Furthermore, we fix a partition of the unity {ρi}i∈I ⊂ C∞(Σ× S1, [0, 1]),∑
i∈I ρi(x) = 1 for every x ∈ Σ × S1 and supp(ρi) ⊂ ϕi(Vi) for any i ∈ I. Fur-
thermore, we denote by Ξi = Ai + Ψidt ∈ Ω(Vi, g) the local representations of the
connection A+Ψdt on Vi and by αi the local representations of α. We choose the
atlas in order that each Ξi satisfies the condition (7.19) for constant connections
Ξci . Then by the last step
‖(ρi ◦ ϕi)αi‖Ξi,2,p,ε ≤c(Ξi)
∥∥∥(dAid∗Ai + dAidAi −∇Ψit ∇Ψit ) ((ρi ◦ ϕi)αi)∥∥∥
Lp(Ui)
+ c(Ξi)‖(ρi ◦ ϕi)αi‖Ξi,1,p,ε,
If we sum up all the estimates we obtain
‖α‖A+Ψdt,2,p,ε ≤ c‖α‖1,p,ε +
∑
i∈I
‖(ρi ◦ ϕi)αi‖Ξi,2,p,ε
≤
∑
i∈I
c(Ξi)
∥∥∥(dAid∗Ai + d∗AidAi − ε2∇Ψit ∇Ψit ) ((ρi ◦ ϕi)αi)∥∥∥
Lp(Ui)
+
∑
i∈I
c(Ξi)‖(ρi ◦ ϕi)αi‖Ξi,1,p,ε + c‖α‖1,p,ε
≤c(Ξ)
( ∥∥(dAd∗A + d∗AdA − ε2∇t∇t)α∥∥Lp + ‖α‖A+Ψdt,1,p,ε
)
.
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In the same way we can prove (7.17). 

The next lemma allows us to estimate the non-harmonic part of a 1-form using
its harmonic term and the elliptic operator dAd
∗
A + d
∗
AdA − ε2∇2t .
Lemma 7.6. There are two positive constants c and ε0 such that the following
holds. For any i-form ξ ∈W 2,p, i = 0, 1 and 0 < ε < ε0
(7.26)
∫
S1
‖ξ‖pL2(Σ) dt ≤ c
∫
S1
‖ − ε2∇2t ξ +∆Aξ‖pL2(Σ)dt+ c
∫
S1
‖piA(ξ)‖pL2(Σ)dt.
where ∆A = dAd
∗
A + d
∗
AdA.
Proof. In this proof we denote the norm ‖ · ‖L2(Σ) by ‖ · ‖. If we consider only the
Laplace part of the operator, we obtain that∫
S1
‖ξ‖p−2〈ξ,−ε2∂2t ξ +∆Aξ〉dt =
∫
S1
‖ξ‖p−2 (ε2‖∂tξ‖2 + ‖dAξ‖2 + ‖d∗Aξ‖2) dt
+
∫
S1
(p− 2)‖ξ‖p−4〈ξ, ∂tξ〉2dt
and thus ∫
S1
‖ξ‖p−2 (ε2‖∂tξ‖2 + ‖dAξ‖2 + ‖d∗Aξ‖2) dt
≤
∫
S1
‖ξ‖p−2〈ξ,−ε2∂2t ξ +∆Aξ〉dt
≤
∫
S1
‖ξ‖p−1‖ε2∂sξ − ε2∂2t ξ +∆Aξ‖ dt
≤
(∫
S1
‖ξ‖pdt
) p−1
p
(∫
S1
‖ε2∂sξ − ε2∂2t ξ +∆Aξ‖pdt
) 1
p
(7.27)
where the second step follows from the Cauchy-Schwarz inequality and the fourth
from the Ho¨lder inequality. Therefore, by lemma A.3∫
S1
‖ξ‖pdt ≤
∫
S1
‖ξ‖p−2 (‖dAξ‖2 + ‖d∗Aξ‖2 + ‖piA(ξ)‖2) dt
and by (7.27) we have that
≤
(∫
S1
‖ξ‖pdt
) p−1
p
(∫
S1
‖ − ε2∂2t ξ +∆Aξ‖pdt
) 1
p
+
∫
S1
‖ξ‖p−1‖piA(ξ)‖ dt
in addition by the Ho¨lder inequality
≤
(∫
S1
‖ξ‖pdt
) p−1
p
(∫
S1
‖ − ε2∂2t ξ +∆Aξ‖pdt
) 1
p
+
(∫
S1
‖ξ‖pdt
) p−1
p
(∫
S1
‖piA(ξ)‖pdt
) 1
p
;
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thus, we can conclude that∫
S1
‖ξ‖pdt ≤ c
∫
S1
(‖ − ε2∂2t ξ +∆Aξ‖p + ‖piA(ξ)‖p) dt.
and hence we finished the proof of the lemma using that ‖Ψ‖L∞ + ‖∂tΨ‖L∞ is
bounded by a constant. 
Proof of theorem 7.1. By lemma A.3, for any δ > 0 there is a c0 such that
‖α‖pLp ≤δ (‖dAα‖pLp + ‖dA ∗ α‖pLp) + c0
∫
S1
‖α‖pL2dt
≤δ (‖dAα‖pLp + ‖dA ∗ α‖pLp) + c0c1
∫
S1
‖piA(α)‖pL2dt
+ c0c1
∫
S1
‖ − ε2∇2tα+∆Aα‖pL2dt
≤δ (‖dAα‖pLp + ‖dA ∗ α‖pLp) + c0c1c2‖piA(α)‖pLp
+ c0c1c2‖ − ε2∇2tα+∆Aα‖pLp
≤δ (‖dAα‖pLp + ‖dA ∗ α‖pLp) + c0c1c2‖piA(α)‖pLp + c4ε2p‖α‖pLp
+ c0c1c2ε
2p‖Dε1(ξ)‖pLp + c4ε2p‖ψ‖pLp
where the second step follows form the lemma 7.6 and the third by the Ho¨lder’s
inequality with c2 :=
(∫
Σ dvolΣ
) p−2
p . If we choose therefore δ and ε small enough
we can improve the estimate of the theorem 7.5 using the last estimate and we
obtain (7.2), i.e.
‖ξ‖2,p,ε ≤ c
(
ε2‖Dε(ξ)‖0,p,ε + ‖piA(α)‖Lp
)
;
furthermore (7.3) can be proved by
‖(1− piA)ξ‖2,p,ε ≤cε2‖Dε((1− piA)ξ)‖0,p,ε
≤cε2 (‖Dε(ξ)‖0,p,ε + ‖−∇t∇tpiA(α)− d ∗Xt(A)piA(α)‖Lp)
+ cε3
∥∥∥∥ 2ε2 ∗ [piA(α) ∧ ∗ (∂tA− dAΨ)] dt
∥∥∥∥
Lp
≤c (ε2‖Dε(ξ)‖0,p,ε + ε2 ‖∇t∇tpiA(α)‖Lp + ε ‖piA(α)‖Lp) .
(7.4) follows from
‖(1− piA)α‖2,p,ε ≤cε2‖Dε((1 − piA)α)‖0,p,ε
≤cε2‖Dε1((1 − piA)α)‖Lp
+ cε ‖2 ∗ [(1− piA)α ∧ ∗ (∂tA− dAΨ)]‖Lp
≤cε2‖Dε1(ξ)‖0,p,ε + cε ‖(1− piA)α‖Lp
+ ε2 ‖−∇t∇tpiA(α) − d ∗Xt(A)piA(α)‖Lp
+ ε2 ‖2 [ψ, (∂tA− dAΨ)]‖Lp
≤cε2 (‖Dε1(ξ)‖0,p,ε + ‖∇t∇tpiA(α)‖Lp + ‖piA(α)‖Lp)
+ cε ‖(1− piA)α‖Lp + cε2‖ψ‖Lp ,
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indeed, if we choose ε small enough and we use (7.3) to estimate cε2‖ψ‖Lp we
conclude
‖(1− piA)α‖2,p,ε ≤cε2
(‖Dε1(ξ)‖Lp + ε2‖Dε2(ξ)‖Lp)
+ cε2 (‖∇t∇tpiA(α)‖Lp + ‖piA(α)‖Lp) .

8. Quadratic estimates
In the next chapter we will prove the existence and the uniqueness of a map T ε,b
between the perturbed geodesics and the perturbed Yang-Mills connection provided
that ε is small enough; in order to do this we need the following quadratic estimates.
Lemma 8.1. For any two constants p ≥ 2 and c0 > 0 there are two positive
constants c and ε0 such that for any two connections A+Ψdt, A˜+Ψ˜dt ∈ A1,p(P×S1)∥∥(Dε(A+Ψdt)−Dε(A˜+ Ψ˜dt))(α, ψ)∥∥
0,p,ε
≤ c
ε2
‖A− A˜+ (Ψ− Ψ˜) dt‖∞,ε‖α+ ψdt‖1,p,ε
+
c
ε2
‖α+ ψdt‖∞,ε‖A− A˜+ (Ψ− Ψ˜) dt‖1,p,ε
(8.1)
∥∥(Dε(A+Ψdt)−Dε(A˜+ Ψ˜dt))(α, ψ)∥∥
0,p,ε
≤ c
ε2
‖α˜+ ψ˜dt‖∞,ε‖α+ ψdt‖1,p,ε
+
c
ε2
(‖dAα˜‖L∞ + ‖d∗Aα˜‖L∞ + ε‖∇tα˜‖L∞) ‖α+ ψdt‖0,p,ε
+
c
ε2
(
ε‖dAψ˜‖L∞ + ε2‖∇tψ˜‖L∞
)
‖α+ ψdt‖0,p,ε
(8.2)
holds for every α + ψ dt ∈ W 1,p and A˜ + Ψ˜ dt = A + Ψ dt + α˜ + ψ˜ dt with ‖α˜ +
ψ˜ dt‖∞,ε ≤ c0 and any 0 < ε < ε0.
Proof. On the one side, the difference between the two first components can be
written as(
Dε1(A+Ψdt)−Dε1(A˜+ Ψ˜dt)
)
(α, ψ)
=− 1
ε2
∗
[
α ∧ ∗
(
dA˜(A− A˜) +
1
2
[(A− A˜) ∧ (A− A˜)]
)]
− 1
ε2
∗ [(A− A˜) ∧ ∗[(A− A˜) ∧ α]]
+
1
ε2
d∗
A˜
[(A− A˜) ∧ α]− 1
ε2
∗ [(A− A˜) ∧ ∗dA˜α]
− 2
[
ψ,
(
∇t(A− A˜)− dA˜(Ψ− Ψ˜) + [(Ψ − Ψ˜), (A− A˜)]
)]
−
[
(Ψ− Ψ˜),
(
∇tα+ [(Ψ− Ψ˜), α]
)]
−∇t[(Ψ − Ψ˜), α]
+
1
ε2
[
(A− A˜) ∧
(
d∗
A˜
α− ∗[(A− A˜) ∧ ∗α]
)]
− 1
ε2
dA˜ ∗ [(A− A˜) ∧ ∗α] + d ∗Xt(A˜)α− d ∗Xt(A)α
(8.3)
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and on the other side,
(
Dε2(A+Ψdt)− Dε2(A˜+ Ψ˜dt)
)
(α, ψ)
=
2
ε2
∗
[
α ∧ ∗
(
∇t(A− A˜)− dA˜(Ψ− Ψ˜)− [(A− A˜), (Ψ− Ψ˜)]
)]
− 1
ε2
∗
[
(A− A˜) ∧ ∗
(
[(A− A˜), ψ] + dA˜ψ
)]
+
1
ε2
d∗
A˜
[(A− A˜) ∧ ψ]−
[
(Ψ − Ψ˜),
(
[(Ψ− Ψ˜), ψ] +∇tψ
)]
−∇t[(Ψ− Ψ˜), ψ].
(8.4)
The lemma follows estimating term by term the last two identities. 
Next, we consider the expansions, for a connection A+Ψdt ∈ A2,p(P × S1) and
a 1-form α+ ψdt ∈ W 2,p,
Fε1 (A+ α,Ψ+ ψ) = Fε1 (A,Ψ) +Dε1(A,Ψ)(α, ψ) + C1(A,Ψ)(α, ψ)
Fε2 (A+ α,Ψ+ ψ) = Fε2 (A,Ψ) +Dε2(A,Ψ)(α, ψ)dt + C2(A,Ψ)(α, ψ)dt
and we prove the following estimates for the non linear terms C1(A,Ψ)(α, ψ) and
C2(A,Ψ)(α, ψ).
Lemma 8.2. For any constants c0 > 0, p ≥ 2 and any reference connection A0 +
Ψ0dt ∈ A2,p(P × S1), there are two positive constants c and ε0 such that for A +
Ψdt ∈ A2,p(P × S1)
‖C1(A,Ψ)(α, ψ) + C2(A,Ψ)(α, ψ)dt‖0,p,ε
≤ 1
ε2
c ‖α+ ψdt‖∞,ε‖α+ ψdt‖1,p,ε
+
1
ε2
c ‖α+ ψdt‖∞,ε‖A−A0 + (Ψ−Ψ0)dt‖1,p,ε,
(8.5)
∥∥piA0 (C1(A,Ψ)(α, ψ)) ∥∥Lp ≤ cε2 ‖α+ ψdt‖∞,ε‖(1− piA0)α+ ψdt‖1,p,ε
+ c‖α‖L∞‖α‖Lp + ‖ψ‖L∞‖∇tpiA0(α)‖Lp
+
c
ε2
‖α‖2L∞ (‖α‖Lp + ‖A−A0‖Lp)
+
c
ε2
‖α‖L∞ (‖d∗A(A−A0)‖Lp + ‖(Ψ−Ψ0)dt‖1,p,ε)
+
c
ε2
‖A−A0‖2L∞‖α‖Lp + c‖ψ‖2L∞‖A−A0‖L∞‖Ψ−Ψ0‖Lp
(8.6)
for every α+ ψ dt ∈W1,p with norm ‖α+ ψ dt‖∞,ε < c0 and every 0 < ε < ε0.
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Proof. By definition, C1 and C2 are
C1(A,Ψ)(α, ψ) =Xt(A+ α)− ∗Xt(A)− d ∗X(A)α
+
1
2ε2
d∗A[α ∧ α] +
1
ε2
∗ [α ∧ ∗(dAα+ [α ∧ α])]
+∇t[ψ, α]− [ψ, [ψ, α]] + 1
ε2
[α, d∗A(A−A0) + d∗Aα]
+ [ψ, (∇tα− dAψ)] + 1
ε2
[α, ∗[α ∧ ∗(A−A0)]]
− 1
ε2
dA ∗ [α ∧ ∗(A−A0)]
− [α ∧ (∇t(Ψ−Ψ0) +∇tψ + [ψ, ((Ψ −Ψ0) + ψ)])]
− dA[ψ, ((Ψ −Ψ0) + ψ)],
(8.7)
C2(A,Ψ)(α, ψ) =
1
ε2
∗ [α ∧ ∗(∇tα− dAψ − [α, ψ])− 1
ε2
d∗A[ψ, α]
+
1
ε2
[ψ, (d∗A(A−A0 + α)− ∗[α ∧ ∗(A−A0)])]
+
1
ε2
∇t ∗ [α ∧ ∗(A−A0)]
− [ψ, (∇t(Ψ −Ψ0 + ψ) + [ψ, (Ψ−Ψ0)])]−∇t[ψ, (Ψ−Ψ0)]
(8.8)
and if we estimate term by term, we have
‖C1(A,Ψ)(α, ψ) + C2(A,Ψ)(α, ψ)dt‖0,p,ε
≤ 1
ε2
c ‖α+ ψdt‖∞,ε‖α+ ψdt‖1,p,ε
+
1
ε2
c ‖α+ ψdt‖∞,ε‖A−A0 + (Ψ −Ψ0)dt‖1,p,ε.
Next, we consider
piA0C1(A,Ψ)(α, ψ) =piA0 (Xt(A+ α) − ∗Xt(A)− d ∗X(A)α)
+ piA0
(
1
ε2
∗ [α ∧ ∗(dAα+ [α ∧ α])]
)
− piA0
(
1
2ε2
∗ [(A−A0), ∗[α ∧ α]] + 2[ψ,∇tpiA0(α)]
)
+ piA0 ([∇tψ, α] + 2[ψ,∇t(1− piA0)α]− [ψ, [ψ, α]])
+ piA0
(
1
ε2
[α, d∗A(A−A0) + d∗Aα]
)
+ piA0
(
−[ψ, dAψ] + 1
ε2
[α, ∗[α ∧ ∗(A−A0)]]
)
− piA0
(
1
ε2
[(A− A0), ∗[α ∧ ∗(A−A0)]]
)
+ piA0 (−[α ∧ (∇t(Ψ−Ψ0) +∇tψ)])
+ piA0 (−[α ∧ [ψ, ((Ψ −Ψ0) + ψ)]])
− piA0 ([(A−A0), [ψ, ((Ψ −Ψ0) + ψ)]]) ,
(8.9)
thus if we estimate all the summands we obtain (8.6).
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
9. The map T ε,b between the critical connections
In this section we will defined the map T ε,b which relates the perturbed closed
geodesics to the perturbed Yang-Mills connections and for this purpose we assume
that the Jacobi operator is invertible for every geodesic. The definition will be
based on the following two theorems.
Theorem 9.1 (Existence). We choose a regular energy level b of EH and p ≥ 2.
There are costants ε0, c > 0 such that the following holds. If Ξ
0 = A0 + Ψ0dt ∈
CritbEH is a perturbed closed geodesic and
αε0(t) ∈ im
(
d∗A0(t) : Ω
2(Σ, gP )→ Ω1(Σ, gP )
)
is the unique solution of
(9.1) d∗A0dA0α
ε
0 = ε
2∇t(∂tA0 − dA0Ψ0) + ε2 ∗Xt(A0),
then, for any positive ε < ε0, there is a perturbed Yang-Mills connection Ξ
ε ∈
CritbYMε,H which satisfies
(9.2) d∗εΞ0
(
Ξε − Ξ0) = 0, ∥∥Ξε − Ξ0∥∥
2,p,ε
≤ cε2
and, for α+ ψdt := Ξε − Ξ0,
(9.3) ‖(1− piA0)(α− αε0)‖2,p,ε + ε ‖ψdt‖2,p,ε ≤ cε4,
(9.4) ‖piA0(α)‖2,p,1 + ε ‖piA0(α)‖L∞ ≤ cε2.
Remark 9.2. As we already mentioned, a similar version of the theorem 9.1 was
proved by Hong in [5] for p = 2 and we refer to [7] for a complete proof in our
setting; the proof for a general p follows in the same way.
Remark 9.3. The operator d∗εΞ0 is defined using the L
2-inner product as we explained
in the section 2 and thus, it does not depend on the choice of p.
Theorem 9.4 (Local uniqueness). For any perturbed geodesic Ξ0 ∈ CritbEH and
any c > 0 there are an ε0 > 0 and a δ > 0 such that the following holds for any
positive ε < ε0. If Ξ
ε, Ξ¯ε are two perturbed Yang-Mills connections that satisfy the
condition
d∗εΞ0
(
Ξε − Ξ0) = d∗εΞ0 (Ξ¯ε − Ξ0) = 0
and the estimates
ε
∥∥Ξε − Ξ0∥∥
2,p,ε
+
∥∥(1− piA0)(Ξε − Ξ0 − αε0)∥∥1,p,ε ≤ cε3
with αε0 defined uniquely as in (9.1) and
(9.5)
∥∥Ξ¯ε − Ξ0∥∥
1,p,ε
+
∥∥Ξ¯ε − Ξ0∥∥
∞,ε
≤ δε,
then Ξ¯ε = Ξε.
If a connection Ξ˜ε ∈ A(P ×S1) satisfies
∥∥∥Ξ˜ε − Ξ0∥∥∥
2,p,ε
≤ δ′ε1+ 1p , then it follows
from the Sobolev embedding theorem 6.4, that Ξ˜ε satisfies (9.5) with δ = (1+cs)δ
′,
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where cs ist the constant of theorem 6.4. Therefore the inequality
∥∥∥Ξ˜ε − Ξ0∥∥∥
2,p,ε
≤
cε2 implies (9.5) whenever ε < ε1 and ε1 is sufficiently small, i.e. if
ε1 ≤ min
{
ε0,
(
δ
2csc
) 1
1− 1
p
}
where ε0 is given in theorem 9.4. Thus, if we choose in the theorem 9.4 ε0 satisfying
cε0 + cscε
1− 1
p
0 < δ we have that, for each 0 < ε < ε0, in the ball Bcε2
(
Ξ0, ‖ · ‖2,p,ε
)
there is a unique perturbed Yang-Mills connection Ξε which satisfies the condition
d∗εΞ0(Ξ
ε − Ξ0) = 0.
δε
cε2Ξ0
existence
uniqueness
Figure 1. Existence and uniqueness.
Definition 9.5. For every regular value b > 0 of the energy EH there are three
positive constants ε0, δ and c such that the assertions of the theorems 9.1 and 9.4
hold with these constants. Shrink ε0 such that cε0 + ccsε
1− 1
p
0 < δ, where cs is
the constant of Sobolev theorem 6.4. Theorems 9.1 and 9.4 assert that, for every
Ξ0 ∈ CritbEH and every ε with 0 < ε < ε0, there is a unique perturbed Yang-Mills
connection Ξε ∈ CritbYMε,H satisfying
(9.6)
∥∥Ξε − Ξ0∥∥
2,p,ε
≤ cε2, d∗εΞ0(Ξε − Ξ0) = 0.
We define the map T ε,b : CritbEH → CritbYMε,H by T ε,b(Ξ0) := Ξε where Ξε ∈
CritbYMε,H is the unique Yang-Mills connection satisfying (9.6).
The map T ε,b is gauge equivariant because the construction of the perturbed
Yang-Mills connection in the proof of theorem 9.1 is gauge equivariant, since the
map Fε and the operator Dε are so. Furthermore, since G0(P ) acts free on A(P ),
the gauge group G0(P × S1) acts freely on A(P × S1) and on the set CritbEH and
thus T ε,b defines a unique map
(9.7) T¯ ε,b : CritbEH/G0(P × S1)→ CritbYMε,b/G0(P × S1).
In addition, there is a γ > 0 which bounds from below the distance between any
two different perturbed geodesics onMg(P ). Therefore the map T ε,b is injective if
we choose ε < ε1 such that 2cε
2
1 < γ and ε1 < ε0, where c and ε0 are the constants
in the last definition.
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Next, we state two useful lemmas concerning the 1-form αε0; the first one follows
from the regularity properties of the geodesics (cf. [5] or [7]).
Lemma 9.6. For any perturbed geodesic Ξ0 = A0 + Ψ0dt ∈ CritbEH there is a
unique 1-form αε0, α0(t) ∈ Ω1(Σ, gP ), which satisfies
(9.8) d∗A0dA0α
ε
0 = ε
2∇t(∂tA0 − dA0Ψ0) + ε2 ∗Xt(A0), αε0 ∈ im d∗A0 .
In addition there is a constant c > 0 such that
(9.9) ‖αε0‖2,p,1 + ‖αε0‖L∞ + ‖dA0αε0‖L∞ + ‖∇tαε0‖L∞ ≤ cε2
for any varepsilon and for Ξε1 := Ξ
0 + αε0 ∈ A(P × S1)
(9.10) ‖Fε1 (Ξε1)‖Lp ≤ cε2, ‖Fε2 (Ξε1)‖Lp ≤ c.
Lemma 9.7. For any perturbed geodesic Ξ0 = A0 +Ψ0dt and for Ξε1 defined as in
lemma 9.6 the following holds. There exist two constants c > 0 and ε0 > 0 such
that
‖piA0(α)‖Lp + ‖∇tpiA0(α)‖Lp + ‖∇2tpiA0(α)‖Lp
≤cε ‖Dε(Ξε1)(α, ψ)‖0,p,ε + c ‖piA0Dε1(Ξε1)(α, ψ)‖0,p,ε ,
(9.11)
‖α−piA0(α) + ψ dt‖2,p,ε
≤cε2 ‖Dε(Ξε1)(α, ψ)‖0,p,ε + cε ‖piA0Dε1(Ξε1)(α, ψ)‖0,p,ε ,
(9.12)
‖α− piA0(α)‖2,p,ε ≤cε2 ‖Dε1(Ξε1)(α, ψ)‖Lp + cε4 ‖Dε2(Ξε1)(α, ψ)‖Lp ,(9.13)
for every α+ ψ dt ∈W2,p and any positive ε < ε0.
Proof of lemma 9.7. On the one side by the quadratic estimate (8.2)
‖Dε(Ξε1)(α, ψ) −Dε(Ξ0)(α, ψ)‖0,p,ε
≤cε−2 (‖αε0‖L∞ + ‖dA0αε0‖L∞ + ε‖∇tαε0‖L∞) ‖α+ ψ dt‖1,p,ε
≤c‖α+ ψ dt‖1,p,ε.
(9.14)
where the last estimate follows from (9.9). On the other side, we remark that the
ω defined by (eq:thm:geod:dasdsgf) is exactly 1ε2 dA0α
ε
0 and thus for the harmonic
part we obtain
piA0
(
Dε1(Ξε1)(α, ψ) −
(
Dε1(Ξ0)(α, ψ) −
1
ε2
∗ [α ∧ ∗dA0αε0]
))
=piA0
(
− 1
ε2
∗
[
α ∧ ∗1
2
[αε0 ∧ αε0]
]
− 1
ε2
∗ [αε0 ∧ ∗[αε0 ∧ α]]− 2 [ψ,∇tαε0]
− 1
ε2
∗ [αε0 ∧ ∗dA0α] +
1
ε2
[αε0 ∧ (d∗A0α− ∗[αε0 ∧ ∗α])]
)
and hence ∣∣∣∣∣∣piA0(Dε1(Ξε1)(α, ψ) −Dε1(Ξ0)(α, ψ) + 1ε2 ∗ [α ∧ ∗dA0α0]
)∣∣∣∣∣∣
0,p,ε
≤ c
ε2
‖αε0‖2L∞‖α‖Lp
+
c
ε2
(‖αε0‖L∞ + ε‖∇tαε0‖L∞) ‖(1− piA0)α+ ψ dt‖1,p,ε
≤cε2‖piA0(α)‖Lp + c‖(1− piA0)α+ ψ dt‖1,p,ε.
(9.15)
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By the lemma 7.2 we have∥∥ (1− piA0)α+ ψdt∥∥2,p,ε + ε ‖piA0(α)‖2,p,1
≤cε2‖Dε(Ξ0)(α, ψ)‖0,p,ε + cε‖piA0
(Dε1(Ξ0)(α, ψ) + ∗[α ∧ ∗ω]) ‖Lp
≤cε2‖Dε(Ξε1)(α, ψ)‖0,p,ε + cε‖piA0Dε1(Ξε1)(α, ψ)‖0,p,ε
+ cε‖α− piA0α+ ψ dt‖1,p,ε + cε2‖piA0α‖1,p,ε.
where the second inequality follows from (9.14) and (9.15). Therefore (9.16) implies
the first and the second estimate of the lemma choosing ε sufficiently small. The
third estimates follows combining (7.9), (9.14), (9.15) with the first two inequality
of the lemma:
∥∥ (1− piA0)α∥∥2,p,ε ≤cε2‖Dε(Ξ0)(α, ψ)‖Lp + cε4‖Dε(Ξ0)(α, ψ)‖Lp
+ cε2‖piA0
(Dε1(Ξ0)(α, ψ) + ∗[α ∧ ∗ω]) ‖Lp
≤cε2‖Dε1(Ξε1)(α, ψ)‖Lp + cε4‖Dε2(Ξε1)(α, ψ)‖Lp
+ cε2‖α+ ψ dt‖1,p,ε
≤cε2‖Dε1(Ξε1)(α, ψ)‖Lp + cε4‖Dε2(Ξε1)(α, ψ)‖Lp
(9.16)

Proof of theorem 9.4. Since Ξ0 is a geodesic, by lemma 9.6 we can define a connec-
tion Ξε1 = Ξ
0 +αε0 such that ‖αε0‖2,p,1+ ‖dA0αε0‖L∞ + ε‖∇tαε0‖L∞ + ‖αε0‖L∞ ≤ cε2
and
(9.17) ‖Fε1 (Ξε1)‖Lp ≤ cε2, ‖Fε2 (Ξε1)‖Lp ≤ c.
Therefore we have, for Ξ¯ε − Ξε1 =: αε + ψε dt and cε < δ,
(9.18) ‖Ξ¯ε − Ξε1‖1,p,ε + ‖Ξ¯ε − Ξε1‖∞,ε ≤ 2δε
and for i = 1, 2, since Ξ¯ε is a Yang-Mills connection which satisfies d∗εΞ0
(
Ξ¯ε − Ξ0) =
0, and thus Fε(Ξ¯ε) = 0,
(9.19) Dεi (Ξε1)(Ξ¯ε − Ξε1) = −Cεi (Ξε1)(Ξ¯ε − Ξε1)−Fεi (Ξε1).
By lemma 9.7 we get
‖(1− piA0)αε + ψε dt‖2,p,ε + ε‖piA0(αε)‖Lp + ε‖∇tpiA0(αε)‖Lp
≤ c (ε2‖Dε(Ξε1)(Ξ¯ε − Ξε1)‖0,p,ε + ε‖piA0(Dε(Ξε1)(Ξ¯ε − Ξε1))‖0,p,ε)
≤cε2‖Cε(Ξε1(Ξ¯ε − Ξε1)‖0,p,ε + cε2‖Fε(Ξε1)‖0,p,ε
+ cε‖piA0(Cε1(Ξε1)(Ξ¯ε − Ξε1))‖0,p,ε + cε‖piA0(Fε1 (Ξε1))‖0,p,ε
≤cε3 + cδ‖(1− piA0)αε + ψε dt‖1,p,ε
+ cδ (ε‖piA0(αε)‖Lp + ε‖piA0(αε)‖Lp)
where in the second step we use (9.19) and the third step follows from lemma 8.2
and the estimate of the curvatures (9.17). Thus we proved the estimates ‖Ξ¯ε −
Ξε1‖2,p,ε ≤ cε2 and hence ‖Ξ¯ε−Ξε‖2,p,ε ≤ cε2. Since Ξε satisfies Fε(Ξε) = 0 by the
assumptions, we can write
Dεi (Ξε1)(Ξ¯ε − Ξε) = (Dεi (Ξε) + (Dεi (Ξε1)−Dεi (Ξε))) (Ξ¯ε − Ξε)
=− Cεi (Ξε)(Ξ¯ε − Ξε) + (Dεi (Ξε1)−Dεi (Ξε)) (Ξ¯ε − Ξε)
PERTURBED GEODESICS AND YANG-MILLS CONNECTIONS 27
and by the quadratic estimates of the chapter 8
ε2‖Cε(Ξε1)(Ξε − Ξε1)‖0,p,ε + cε‖piA0(Cε1(Ξε1)(Ξ¯ε − Ξε1))‖0,p,ε
≤cε1− 1p ‖(Ξ¯ε − Ξε)− piA0(Ξ¯ε − Ξε)‖1,p,ε
+ cε2−
1
p ‖∇tpiA0(Ξ¯ε − Ξε)‖0,p,ε + cε1−
1
p ‖piA0(Ξ¯ε − Ξε)‖0,p,ε,
ε2‖(Dεi (Ξε1)−Dεi (Ξε))(Ξ¯ε − Ξε)‖0,p,ε
+ cε‖piA0((Dεi (Ξε1)−Dεi (Ξε)) (Ξ¯ε − Ξε))‖0,p,ε
≤cε1− 1p ‖(Ξ¯ε − Ξε)− piA0(Ξ¯ε − Ξε)‖1,p,ε
+ cε1−
1
p ‖∇tpiA0(Ξ¯ε − Ξε) ∧ dt‖0,p,ε + cε2−
1
p ‖piA0(Ξ¯ε − Ξε)‖0,p,ε,
we obtain by the lemma 9.7
‖(1− piA0)(Ξ¯ε − Ξε)‖2,p,ε + ε‖piA0(Ξ¯ε − Ξε)‖Lp
+ ε‖∇tpiA0(Ξ¯ε − Ξε)‖2,p,1
≤cε2‖Dε(Ξ1)(Ξ¯ε − Ξε)‖0,p,ε + cε‖piA0Dε1(Ξ1)(Ξ¯ε − Ξε)‖0,p,ε
≤cε1− 1p ‖Ξ¯ε − Ξε − piA0(Ξ¯ε − Ξε)‖2,p,ε
+ cε2−
1
p
(‖piA0(Ξ¯ε − Ξε)‖Lp + ‖∇tpiA0(Ξ¯ε − Ξε)‖Lp)
and thus, ‖Ξ¯ε − Ξε‖2,p,ε = 0 and hence Ξ¯ε = Ξε in for ε small enough. 
Local uniquess modulo gauge. The following theorem states a uniqueness
property. The result is interesting, but it will not be used in the next chapters and
in particular it will not enter in the proof of the surjectivity of T ε,b on the contrary
to what one might expect.
Theorem 9.8 (Uniqueness). We choose p > 3. For every perturbed geodesic Ξ0 ∈
CritbEH there are constants ε0, δ1 > 0 such that the following holds. If 0 < ε < ε0
and Ξ˜ε ∈ CritbYMε,H is a perturbed Yang-Mills connection satisfying
(9.20)
∥∥∥Ξ˜ε − Ξ0∥∥∥
1,p,ε
≤ δ1ε1+1/p,
then there is a g ∈ G2,p0 (P × S1) such that g∗Ξ˜ε = T ε,b(Ξ0).
Theorem 9.9. Assume that q ≥ p > 2 and q > 3. Let Ξ0 = A0 + Ψ0dt ∈
A1,p(P × S1) be a connection flat on the fibers, i.e. FA0 = 0. Then for every
c0 > 0 there exist δ0 > 0, c > 0 such that the following holds for 0 < ε ≤ 1. If
Ξ = A+Ψdt ∈ A1,p(P × S1) satisfies
(9.21)
∥∥∥d∗A0(A−A0)− ε2∇Ψ0t (Ψ−Ψ0)∥∥∥
Lp
≤ c0ε1/p,
∥∥Ξ− Ξ0∥∥
0,q,ε
≤ δ0ε1/q,
then there exists a gauge transformation g ∈ G2,p0 such that d∗εΞ0(g∗Ξ− Ξ0) = 0 and
(9.22) ‖g∗Ξ− Ξ‖1,p,ε ≤ cε2
(
1 + ε−1/p‖Ξ− Ξ0‖1,p,ε
)∥∥d∗εΞ0(Ξ− Ξ0)∥∥Lp .
Proof. The proof is the same as that of proposition 6.2 in [3]. In fact the theorem
9.9 is the 3-dimensional version of the proposition 6.2 in [3]5 which works with 4-
dimensional connections. Between this two statements there are a few changes that
5The 0-form d∗ε
Ξ0
(Ξ − Ξ0) in the cited proposition is defined by d∗
A0
(A − A0) − ε2∇Ψ
0
t
(Ψ −
Ψ0)− ε2∇Φ
0
t
(Φ−Φ0) and the norms are defined in chapter 4 of the paper.
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are a consequence of the differences in the Sobolev properties (theorem 6.4 above
and lemma 4.1 in [3]). Therefore here we can work with q > 3 instead of q > 4
because we have a 3-dimensional manifold and we do not need the condition qp/(q−
p) > 4; furthermore, we can replace ε2/p, ε−2/p, ε2/q by ε1/p, ε−1/p, ε1/q because in
the proof of the Sobolev theorem 6.4 we rescale a 1-dimensional domain instead of
a 2-dimensional one. In addition, we remark that the gauge transformation g is an
element of G2,p0 (P ) and this follows from the proof of the theorem; in fact, the gauge
transformation g ∈ G2,p(P × S1) is a limit of a sequence {gi}i∈N ⊂ G2,p(P × S1)
defined by gi = exp(η0) exp(η1)... exp(ηi) where ηi ∈W 2,p(Σ×S1, gP ) are 0-forms.
Therefore, the sequence {gi}i∈N lies in the unit component of the gauge group and
hence in G2,p0 (P × S1). 
Remark 9.10. In the proof of the last theorem we can not use the local slice theorem
directly, because although the operator d∗εΞ0dΞ0 is Fredholm and invertible on the
complement of its kernel, the norm of its inverse depends on ε and hence we do not
obtain an estimate independent on the metric and thus not independent on ε.
Proof of the uniqueness theorem 9.8. Let Ξ˜ε = Aε + Ψεdt be a perturbed Yang-
Mills connection which satisfies (9.20) with Ξ0 = A0 +Ψ0dt; then∥∥∥d∗A0(Aε −A0)− ε2∇Ψ0t (Ψε −Ψ0)∥∥∥
Lp
≤ ∥∥d∗A0(Aε −A0)∥∥Lp + ε2
∥∥∥∇Ψ0t (Ψε −Ψ0)∥∥∥
Lp
≤ 2
∥∥∥Ξ˜ε − Ξ0∥∥∥
1,p,ε
≤ 2δ1ε1+1/p
(9.23)
and therefore the first condition of the assumption (9.21) of theorem 9.9 is satisfied
for ε sufficiently small; the second one follows if we choose δ1ε < δ0 and q = p.
Thus there exists, by theorem 9.9, a gauge transformation g ∈ G2,p0 such that
d∗Ξ0(g
∗Ξ˜ε − Ξ0) = 0 and
∥∥∥g∗Ξ˜ε − Ξ˜ε∥∥∥
1,p,ε
≤cε2
(
1 + ε−1/p
∥∥∥Ξ˜ε − Ξ0∥∥∥
1,p,ε
)∥∥∥d∗εΞ0(Ξ˜ε − Ξ0)∥∥∥
Lp
≤2c
∥∥∥d∗A0(Aε −A0)− ε2∇Ψ0t (Ψε −Ψ0)∥∥∥
Lp
≤4cδ1ε1+1/p.
(9.24)
Then
(9.25)
∥∥∥g∗Ξ˜ε − Ξ0∥∥∥
1,p,ε
≤
∥∥∥g∗Ξ˜ε − Ξ˜ε∥∥∥
1,p,ε
+
∥∥∥Ξ˜ε − Ξ0∥∥∥
1,p,ε
≤ (4cδ1 + δ1)ε1+1/p
and by the Sobolev embedding theorem 6.4 we have also that
(9.26)
∥∥∥g∗Ξ˜ε − Ξ0∥∥∥
∞,ε
≤ csε−1/p
∥∥∥g∗Ξ˜ε − Ξ0∥∥∥
1,p,ε
≤ cs(4c+ 1)δ1ε,
where cs is the constant in theorem 6.4. Finally, we can apply theorem 9.4 with
δ1 < δ/((cs + 1)(4c + 1)) for Ξ¯
ε = g∗Ξ˜ε and Ξε = T ε,b(Ξ0) and we can conclude
that g∗Ξ˜ε = T ε,b(Ξ0). 
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10. A priori estimates for the perturbed Yang-Mills connections
In this chapter we explain some a priori estimates that we will need to prove
the surjectivity of the map T ε,b and we organize them in three theorems. First
we show some L2(Σ)-estimates for the curvature term FA (theorem 10.1), then the
L2(Σ)- and the L∞(Σ)-estimates for the curvature term ∂tA− dAΨ (theorems 10.2
and 10.4).
Theorem 10.1. We choose p ≥ 2 and two constants b, c1 > 0. Then there are two
positive constants ε0, c such that the following holds. For any perturbed Yang-Mills
connection A+Ψdt ∈ CritbYMε,H , with 0 < ε < ε0, which satisfies
(10.1) sup
t∈S1
‖∂tA− dAΨ‖L4(Σ) ≤ c1,
we have the estimates6
(10.2) ‖FA‖3,2,ε ≤ cε2,
sup
t∈S1
(
‖FA‖L2(Σ) + ‖FA‖L∞(Σ) + ‖d∗AFA‖L2(Σ)
+ ‖dAd∗AFA‖L2(Σ) + ε‖∇tFA‖L2(Σ) + ε2‖∇t∇tFA‖L2(Σ)
)
≤ cε2−1/p.
(10.3)
Theorem 10.2. We choose two constants c1, c2 > 0, an open interval Ω ⊂ R and
a compact set K ⊂ Ω. Then there are two positive constants δ, c such that the
following holds. For any perturbed Yang-Mills connection A + Ψdt ∈ Crit∞YMε,H
which satisfies
(10.4) sup
t∈Ω
‖FA‖L2(Σ) ≤ δ, sup
t∈Ω
‖∂tA− dAΨ‖L4(Σ) ≤ c1,
we have the estimates, for Bt = ∂tA− dAΨ,
(10.5) sup
t∈K
ε2‖Bt‖2L2(Σ) ≤ c
∫
Ω
(
ε2‖Bt‖2L2(Σ) + ‖FA‖2L2(Σ) + ε2cX˙t(A)
)
dt,
(10.6) sup
t∈K
‖dABt‖2L2(Σ) ≤ c
∫
Ω
(
‖dABt‖2L2(Σ) +
1
ε2
‖FA‖2L2(Σ) + ‖Bt‖2L2(Σ)
)
dt
where √cX˙t(A) is a constant which bounds the L∞-norm of X˙t(A). The constants c
and δ depend on Ω and on K, but only on their length and on the distance between
their boundaries. Furthermore, if 0 < ε < c2, then
(10.7) sup
t∈S1
‖d∗AdABt‖2L2(Σ) ≤ c
∫
S1
(
ε2‖Bt‖2L2(Σ) + ‖FA‖2L2(Σ) + ε2cX˙t(A)
)
dt.
Remark 10.3. The estimates (10.5) and (10.6) hold for any ε and this will play a
fundamental role in the next section where we will have a sequence of perturbed
Yang-Mills connections in Crit∞YMεi,H with εi →∞.
Theorem 10.4. We choose a constant b > 0. Then there are ε0, c > 0 such that
for every positive ε < ε0 the following holds. If Ξ
ε := Aε +Ψεdt ∈ CritbYMε,H is a
perturbed Yang-Mills connection, then
(10.8) ‖∂tAε − dAεΨε‖L∞(Σ) ≤ c.
First we prove the next theorem.
6The operator ∇t is defined using Ψ.
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Theorem 10.5. We choose δ, b > 0, then there is a positive constant ε0 such that
the following holds. For any perturbed Yang-Mills connection A+Ψdt ∈ CritbYMε,H ,
with 0 < ε < ε0,
sup
t∈S1
‖FA‖L∞(Σ) ≤ δ.
Proof. The theorem follows from the perturbed Yang-Mills equation and the Sobolev
theorem 6.4 in the following way. If we derive the identity
1
ε2
d∗AFA −∇tBt − ∗Xt(A) = 0
by dA and ∇t we obtain
0 =
1
ε2
dAd
∗
AFA − dA∇tBt − dA ∗Xt(A)
=
1
ε2
dAd
∗
AFA −∇t∇tFA + [Bt ∧Bt]− dA ∗Xt(A)
0 =
1
ε2
∇td∗AFA −∇t∇tBt −∇t ∗Xt(A)
=
1
ε2
d∗AdABt −∇t∇tBt −
1
ε2
∗ [Bt, ∗FA]−∇t ∗Xt(A)
and the L2-norm of the Laplace part of the last two identities is
ε4
∥∥∥∥ 1ε2 dAd∗AFA −∇t∇tFA
∥∥∥∥
2
L2
= ‖dAd∗AFA‖2L2 + ε4 ‖∇t∇tFA‖2L2
+ ε2 ‖∇td∗AFA‖2L2 + ε2〈[Bt ∧ d∗AFA],∇tFA〉
+ ε2〈∇td∗AFA, ∗[Bt, ∗FA]〉,
ε4
∥∥∥∥ 1ε2 d∗AdABt −∇t∇tBt
∥∥∥∥
2
L2
= ‖d∗AdABt‖2L2 + ε4 ‖∇t∇tBt‖2L2
+ ε2 ‖∇tdABt‖2L2 + ε2〈− ∗ [Bt, ∗dABt],∇tBt〉
− ε2〈∇tdABt, [Bt, Bt]〉.
Therefore we can estimate the ‖ · ‖2,2,ε-norm of FA and of Bt using the Ho¨lder
inequality and the Sobolev theorem 6.4:
1
2
‖FA‖22,2,ε ≤ε4
∥∥∥∥ 1ε2 dAd∗AFA −∇t∇tFA
∥∥∥∥
2
L2
+ ‖FA‖2L2
+ cε‖Bt‖L2‖d∗AFA‖L4‖∇tFA ∧ dt‖0,4,ε
+ δε2 ‖∇td∗AFA‖2L2 + cε2‖Bt‖2L2‖FA‖2L∞
≤ε4 ‖[Bt ∧Bt]− dA ∗Xt(A)‖2L2 + ‖FA‖2L2
+ cε
1
2 ‖FA‖22,2,ε + δε2 ‖∇td∗AFA‖2L2
≤cε3‖Bt‖L2‖Bt‖2,2,ε + ε4‖dA ∗Xt(A)‖2L2 + ‖FA‖2L2
+ cε
1
2 ‖FA‖22,2,ε + δε2 ‖∇td∗AFA‖2L2
≤cε3‖Bt‖2,2,ε + ‖FA‖2L2 + cε
1
2 ‖FA‖22,2,ε + δε2 ‖∇td∗AFA‖2L2 ,
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1
2
‖Bt‖22,2,ε ≤ε4
∥∥∥∥ 1ε2 d∗AdABt −∇t∇tBt
∥∥∥∥
2
L2
+ ‖Bt‖2L2
+ cε‖Bt‖L2‖dABt‖L4‖∇tBt ∧ dt‖0,4,ε
+ δε2 ‖∇tdABt‖2L2 + cε2‖Bt‖2L2‖Bt‖2L∞
≤ε4
∥∥∥∥ 1ε2 ∗ [Bt, ∗FA] +∇t ∗Xt(A)
∥∥∥∥
2
L2
+ ‖Bt‖2L2
+ cε
1
2 ‖Bt‖22,2,ε + δε2 ‖∇tdABt‖2L2
≤c‖FA‖2L2‖Bt‖2L∞ + cε4‖Bt‖2L2 + cε4 + ‖Bt‖2L2
+ cε
1
2 ‖Bt‖22,2,ε + δε2 ‖∇tdABt‖2L2
≤2‖Bt‖2L2 + cε4 + cε
1
2 ‖Bt‖22,2,ε + δε2 ‖∇tdABt‖2L2 .
Hence we can conclude that
‖Bt‖22,2,ε ≤ 4‖Bt‖2L2 + cε4 ≤ c,
‖FA‖22,2,ε ≤ c‖FA‖2L2 + ε3‖Bt‖2L2 + cε7 ≤ cε2
and thus, by the Sobolev theorem 6.4, ‖FA‖L∞ ≤ cε− 12 ‖FA‖22,2,ε ≤ cε
1
2 . 
In order to prove the theorem 10.1 we need the following lemma.
Lemma 10.6. We choose R, r > 0, u : BR+r ⊂ R → R a C2 function, f, g :
BR+r ⊂ R→ R such that
f ≤ g + ∂2t u, u ≥ 0, f ≥ 0, g ≥ 0,
then
(10.9)
∫
BR
f dt ≤
∫
BR+r
g dt+
4
r2
∫
BR+r\BR
u dt.
Furthermore, if g = cu for a positive constant c, then
(10.10)
1
2
sup
BR
u ≤
(
c+
4
r
)∫
BR+r
u dt.
Proof. For BR ⊂ R2 and the Laplace operator instead of ∂2t the first estimate was
proved by Gaio and Salamon in [4] and the second one by Dostoglou and Salamon
in the lemma 7.3 of [3]. These two proofs apply also for our case. 
Proof of theorem 10.1. In this proof we write Bt instead of ∂tA − dAΨ and we
denote by ‖ · ‖ and by 〈·, ·〉 respectively the L2-norm and the L2-product on Σ. In
order to prove the theorem 10.1 we will apply the last lemma where we choose u to
be the L2-norms on Σ of FA, ∇tFA, d∗AFA and ∇t∇tFA; since the perturbed Yang-
Mills are smooth provided that we choose ε sufficiently small, as we discussed in
the section 5, the regularity assumption of the lemma 10.6 is satisfied. In addition
we recall that the Bianchi identity tell us that
(10.11) dABt = ∇tFA
and by the assumptions of the theorem
(10.12)
∫ 1
0
(
1
ε2
‖FA‖2 + ‖Bt‖2
)
dt ≤ b, sup
t∈S1
‖Bt‖L4(Σ) ≤ c1.
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Furthermore by the theorem 10.5 we can assume that supt∈S1 ‖FA‖2 ≤ δ where δ
satisfies the assumptions of the lemmas A.1 and A.2 for p = 2, which allows us to
estimate any 2-form in the following way
(10.13) ‖β‖Lq(Σ) ≤ c‖d∗Aβ‖, ∀β ∈ Ω2(Σ, gP ), 2 ≤ q <∞.
Step 1. We prove the estimate (10.2).
Proof of step 1. If we derive ‖FA‖2 we obtain
∂2t ‖FA‖2 =2‖∇tFA‖2 + 2〈∇t∇tFA, FA〉 = 2‖∇tFA‖2 + 2〈∇tdABt, FA〉
=2‖∇tFA‖2 + 2〈dA∇tBt, FA〉+ 2〈[Bt ∧Bt], FA〉
=2‖∇tFA‖2 + 2〈∇tBt, d∗AFA〉+ 2〈[Bt ∧Bt], FA〉
=2‖∇tFA‖2 + 2
ε2
‖d∗AFA‖2 − 2〈∗Xt(A), d∗AFA〉+ 2〈[Bt ∧Bt], FA〉
≥2‖∇tFA‖2 + 2
ε2
‖d∗AFA‖2 − 2|〈∗Xt(A), d∗AFA〉| − ‖Bt‖2L4(Σ)‖FA‖
≥2‖∇tFA‖2 + 2
ε2
‖d∗AFA‖2 − c‖FA‖ − c‖d∗AFA‖
(10.14)
where the second equality follows from the Bianchi identity (10.11), the third from
the commutation formula (7.15), the fifth from the perturbed Yang-Mills equation
(5.2) and the last one from (10.12). Thus, (10.13) and (10.14) imply that
(10.15) ‖FA‖2 ≤ c‖d∗AFA‖2 + cε2‖∇tFA‖2 ≤ c∂2t (ε2‖FA‖2) +
cε4
δ0
+ cδ0‖FA‖2
and hence for δ0 sufficiently small
(10.16) ‖FA‖2 + ‖d∗AFA‖2 + ε2‖∇tFA‖2 ≤ c∂2t (ε2‖FA‖2) + cε4;
applying the lemma 10.6 for (10.16)
(10.17)
∫ 1
0
(‖FA‖2 + ε2‖∇tFA‖2 + ‖d∗AFA‖2) dt ≤ cε4 + cε2
∫ 1
0
‖FA‖2dt ≤ cε4
by (10.12). Analogously to (10.14) one can show that
∂2t
(
ε4‖∇tFA‖2 + ε2‖d∗AFA‖2
)
≥ε4‖∇t∇tFA‖2 + ε2‖d∗A∇tFA‖2 + ‖dAd∗AFA‖2 − cε4,
(10.18)
∂2t
(
ε6‖∇t∇tFA‖2 + ε4‖∇tFA‖2 + ε2‖d∗AFA‖2
)
≥ε6‖∇t∇t∇tFA‖2 + ε4‖d∗A∇t∇tFA‖2
+ ε4‖∇t∇tFA‖2 + ε2‖d∗A∇tFA‖2 + ‖dAd∗AFA‖2 − cε4,
(10.19)
Hence by the lemma 10.6∫ 1
0
(
ε4‖∇t∇tFA‖2 + ε2‖∇td∗AFA‖2 + ‖dAd∗AFA‖
)
dt
≤c
∫ 1
0
(
ε2‖∇tFA‖2 + ε2‖d∗AFA‖2 + ε2‖FA‖2 + cε4
)
dt ≤ cε4,
(10.20)
(10.21)
∫ 1
0
(
ε6‖∇t∇t∇tFA‖2 + ε4‖∇t∇td∗AFA‖2
)
dt ≤ cε4.
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and thus, ‖FA‖3,2,ε ≤ cε2 by (10.17), (10.20) and (10.21) and therefore we proved
(10.2). 
Step 2.
∫ 1
0
(
‖FA‖2pL2(Σ) + ε2p‖∇tFA‖2pL2(Σ) + ε4p‖∇t∇tFA‖2pL2(Σ)
)
dt ≤ cε4p.
Proof of step 2. Using the estimates (10.18), (10.19) combined with the lemma A.1
we obtain (
ε4‖∇t∇tFA‖2 + ε2‖∇tFA‖2 + ‖d∗AFA‖2
)
≤cε4 + cε2∂2t
(
ε4‖∇t∇tFA‖2 + ε2‖∇tFA‖2 + ‖d∗AFA‖2
)
and since for f(t) =
(
ε4‖∇t∇tFA‖2 + ε2‖∇tFA‖2 + ‖d∗AFA‖2
)
∂2t f(t)
p =
p
2
f(t)p−1∂2t f(t) +
p(p− 1)
4
f(t)p−2(∂tf(t))
2 ≥ p
2
f(t)p−1∂2t f(t)
2,
we have (
ε4‖∇t∇tFA‖2 + ε2‖∇tFA‖2 + ‖d∗AFA‖2
)p
≤cε4 (ε4‖∇t∇tFA‖2 + ε2‖∇tFA‖2 + ε2‖d∗AFA‖2)p−1
+ cε2∂2t
(
ε4‖∇t∇tFA‖2 + ε2‖∇tFA‖2 + ‖d∗AFA‖2
)p
.
Then, we apply the inequality ab ≤ app + b
q
q with q =
p
p−1 for the first term on the
right side of the inequality for a = cε4 and b = f(t)p−1 and hence
1
p
(
ε4‖∇t∇tFA‖2 + ε2‖∇tFA‖2 + ‖d∗AFA‖2
)p
≤cε4p + cε2∂2t
(
ε4‖∇t∇tFA‖2 + ε2‖∇tFA‖2 + ‖d∗AFA‖2
)p
.
(10.22)
Finally using the previous lemma 10.6∫ 1
0
(
‖d∗AFA‖2pL2(Σ) + ε2p‖∇tFA‖2pL2(Σ) + ε4p‖∇t∇tFA‖2pL2(Σ)
)
dt
≤c2ε4p + ε2
∫ 1
0
(
‖d∗AFA‖2pL2(Σ) + ε2p‖∇tFA‖2pL2(Σ) + ε4p‖∇t∇tFA‖2pL2(Σ)
)
dt
and hence we conclude the proof of the third step choosing ε sufficiently small. 
Step 3. For any p ≥ 2, the estimate (10.3) holds.
Proof of step 3. The estimate (10.22) yields to
0 ≤cε2
(
ε4‖∇t∇tFA‖2 + ε2‖∇tFA‖2 + ‖d∗AFA‖2 + ε4−
2
p
)p
+ ε2∂2t
(
ε4‖∇t∇tFA‖2 + ε2‖∇tFA‖2 + ‖d∗AFA‖2 + ε4−
2
p
)p
and thus by the lemma 10.6
sup
t∈S1
(
ε2‖d∗AFA‖2p + ε2+2p‖∇FA‖2p + ε2+4p‖∇t∇tFA‖2p
)
≤cε4p + ε2
∫ 1
0
(‖d∗AFA‖2p + ε2p‖∇FA‖2p + ε4p‖∇t∇tFA‖2p) dt ≤ cε4p.
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By the perturbed Yang-Mills equation we can also estimate ‖dAd∗AFA‖ in the fol-
lowing way:
‖dAd∗AFA‖ ≤ε2‖dA∇tBt‖+ cε2
≤ε2‖∇tdABt‖+ ε2‖[Bt ∧Bt]‖+ cε2
≤ε2‖∇t∇tFA‖+ 4ε2‖Bt‖4L4(Σ) + cε2
where the second inequality follows from (10.13) and the commutation formula
(7.15) and the third from the Bianchi identity (10.11) and the Ho¨lder inequality.
By the last two estimates and by the lemma A.1 we can conclude that
sup
t∈S1
(‖FA‖+ ‖FA‖L∞(Σ) + ‖d∗AFA‖
+ ‖dAd∗AFA‖+ ε‖∇tFA‖+ ε2‖∇t∇tFA‖
) ≤ cε2− 1p .

With the fourth step we finished also the proof of the theorem 10.1. 
Proof of theorem 10.2. During this proof we denote by ‖·‖ and by 〈·, ·〉 respectively
the L2-norm and the inner product over Σ. We choose δ small enough to apply the
lemma A.1 and hence ‖FA‖ ≤ c‖d∗AFA‖ holds for a constant c.
Step 1. There is a constant c > 0 such that
sup
t∈K
ε2‖Bt‖2 ≤ c
∫
Ω
(
ε2‖Bt‖2 + ‖FA‖2 + ε2cX˙t
)
dt.
∫
K
‖dABt‖2dt ≤ c
∫
Ω
(
‖FA‖2 + 1
ε2
‖FA‖2 + ε2‖Bt‖2 + ε2cX˙t(A)
)
dt.
Proof of step 1. In order to prove the first step we compute ∂2t ‖Bt‖2 and then we
apply the lemma 10.6. By the perturbed Yang-Mills equation (5.2), we have tha
1
2
∂2t ‖Bt‖2 =‖∇tBt‖2 + 〈∇t∇tBt, Bt〉
=‖∇tBt‖2 + 1
ε2
〈∇td∗AFA, Bt〉 − 〈∇t ∗Xt(A), Bt〉
=‖∇tBt‖2 + 1
ε2
〈d∗A∇tFA, Bt〉+
1
ε2
〈∗[Bt, ∗FA], Bt〉
− 〈d ∗Xt(A)Bt + X˙t(A), Bt〉
=‖∇tBt‖2 + 1
ε2
‖dABt‖2 + 1
ε2
〈∗[Bt, ∗FA], Bt〉
− 〈d ∗Xt(A)Bt + X˙t(A), Bt〉.
where third step follows from the commutation formula (7.15) and the fourth from
the Bianchi identity (10.11). Thus, using the Ho¨lder, the Cauchy-Schwarz inequality
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and the Sobolev estimate ‖Bt‖L4(Σ) ≤ c (‖Bt‖+ ‖dABt‖), one can easily see that
∂2t ‖Bt‖2 ≥‖∇tBt‖2 +
1
ε2
‖dABt‖2 − c
ε2
‖Bt‖L4(‖Bt‖+ ‖dABt‖)‖FA‖
− c‖Bt‖2 − c‖X˙t(A)‖ · ‖Bt‖
≥‖∇tBt‖2 + 1
ε2
‖dABt‖2 − c
ε4
‖FA‖2
− c
ε2
‖FA‖2 − c‖Bt‖2 − c‖X˙t(A)‖2.
(10.23)
Hence using the lemma 10.6 we can conclude the second estimate of the first step:∫
S1
(
ε2‖∇tBt‖2 + ‖dABt‖2
)
dt
≤c
∫
S1
(
1
ε2
‖FA‖2 + ε2‖Bt‖2 + ε2cX˙t(A) + c‖FA‖2
)
dt.
Since ‖FA‖L2(Σ) ≤ δ and ‖FA‖ ≤ c‖d∗AFA‖, by the theorems A.1 and A.2 there
is a A1 ∈ A0(P ) such that ‖A−A1‖L2 ≤ c‖FA‖L2 and thus we can write
(10.24) dA ∗Xt(A) = dA1 ∗Xt(A1) + [(A−A1) ∧ ∗Xt(A1)]
where dA1 ∗Xt(A1) = 0. Therefore, by the fifth line of the computation (10.14)
(10.25)
1
2
∂2t ‖FA‖2 ≥
1
4ε2
‖d∗AFA‖2 +
1
4
‖∇tFA‖2 − cε2‖Bt‖2 − c‖FA‖2
and with (10.23) it follows that for a constant c0 big enough
1
2
∂2t
(
c0‖FA‖2 + ε2‖Bt‖2 + ε2cX˙t
) ≥ −c (c0‖FA‖2 + ε2‖Bt‖2 + ε2cX˙t) .
Finally by lemma 10.6, we can conclude that
sup
t∈K
ε2‖Bt‖2 ≤ c
∫
Ω
(
ε2‖Bt‖2 + ‖FA‖2 + ε2cX˙t
)
dt.

Step 2. There is a positive constant c > 0 such that
sup
t∈K
‖d∗AdABt‖2 ≤ c
∫
Ω
(
‖FA‖2 + ε2‖Bt‖2 + ε2cX˙t(A) + ‖d∗AdABt‖2
)
dt.
Proof of step 2. Analogously to the previous steps we need to compute 12∂
2
t ‖d∗AdABt‖2:
1
2
∂2t ||d∗AdABt||2 = ||∇td∗AdABt||2 + 〈∇t∇td∗AdABt, d∗AdABt〉
by the commutation formula (7.15) and the Yang-Mills equation (5.2) we have
=||∇td∗AdABt||2 +
1
ε2
〈∇td∗AdAd∗AFA, d∗AdABt〉
− 〈∇td∗AdA ∗Xt(A), d∗AdABt〉
+ 〈∇t (− ∗ [Bt∧, ∗dABt] + d∗A[Bt ∧Bt]) , d∗AdABt〉
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and applying one more time t(7.15)
=||∇td∗AdABt||2 +
1
ε2
〈d∗AdAd∗A∇tFA, d∗AdABt〉
+
1
ε2
〈− ∗ [Bt ∧ ∗dAd∗AFA] + d∗A[Bt ∧ d∗AFA], d∗AdABt〉
− 1
ε2
〈dA ∗ [Bt, ∗FA], dAd∗AdABt〉 − 〈dA ∗ ∇tXt(A), dAd∗AdABt〉
− 〈d∗A[Bt ∧ ∗Xt(A)]− ∗[Bt ∧ ∗dA ∗Xt(A)], d∗AdABt〉
+ 〈∇t (− ∗ [Bt∧, ∗dABt] + d∗A[Bt ∧Bt]) , d∗AdABt〉
finally, by the Bianchi identity (10.11) and the perturbed Yang-Mills equation (5.2)
we can conclude that
=||∇td∗AdABt||2 +
1
ε2
||dAd∗AdABt||2
− 〈[∗Bt ∧ ∗dA(∇tBt + ∗Xt(A))], d∗AdABt〉+
1
ε2
〈d∗A[Bt ∧ d∗AFA], d∗AdABt〉
− 1
ε2
〈dA ∗ [Bt, ∗FA], dAd∗AdABt〉 − 〈dA ∗ ∇tXt(A), dAd∗AdABt〉
− 〈d∗A[Bt ∧ ∗Xt(A)]− ∗[Bt ∧ ∗dA ∗Xt(A)], d∗AdABt〉
+ 〈∇t (− ∗ [Bt∧, ∗dABt] + d∗A[Bt ∧Bt]) , d∗AdABt〉;
The last computation implies
∂2t ‖d∗AdABt‖2 ≥ −cε2‖Bt‖2 − c
1
ε2
‖d∗AFA‖2 − cε2‖∇tBt‖2 − c‖d∗AdABt‖2.
Therefore combining (10.23), (10.25) and (10)
∂2t
(‖d∗AdABt‖2 + c0‖FA‖2 + c0ε2‖Bt‖) ≥− cε2‖Bt‖2 − c‖FA‖2
− c‖d∗AdABt‖2 − ε2cX˙t
and hence we conclude by the lemma 10.6 that
sup
t∈K
‖d∗AdABt‖2 ≤c
∫
Ω
(
‖FA‖2 + ε2‖Bt‖2 + ε2cX˙t(A) + ‖d∗AdABt‖2
)
dt.

Step 3. There is a constant c > 0 such that
sup
t∈K
‖dABt‖ ≤ c
∫
Ω
(
‖dABt‖2 + 1
ε2
‖FA‖2 + ‖Bt‖2
)
dt
and if 0 < ε < c2, then∫
S1
‖d∗AdABt‖2dt ≤ cε2
∫
S1
(
‖FA‖2 + ε2‖Bt‖2 + ε2cX˙t(A)
)
dt.
Proof of step 3. Like in the previous steps we will prove this one using the lemma
10.6 and therefore we need to compute 12∂
2
t ||dABt||2. We consider
1
2
∂2t ||dABt||2 =||∇tdABt||2 + 〈∇t∇tdABt, dABt〉
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using the commutation formula (7.15) and the Yang-Mills flow equation (5.2), we
have
=||∇tdABt||2 + 1
ε2
〈∇tdAd∗AFA, dABt〉
− 〈∇tdA ∗Xt(A), dABt〉+ 〈∇t[Bt ∧Bt], dABt〉
by the commutation formula (7.15)
=||∇tdABt||2 + 1
ε2
〈dAd∗A∇tFA, dABt〉
+
1
ε2
〈[Bt ∧ d∗AFA], dABt〉 −
1
ε2
〈∗[Bt, ∗FA], d∗AdABt〉
− 〈∇tdA ∗Xt(A), dABt〉+ 〈∇t[Bt ∧Bt], dABt〉
next, the Bianchi identity (10.11) yields to
=||∇tdABt||2 + 1
ε2
||d∗AdABt||2 +
1
ε2
〈[Bt ∧ d∗AFA], dABt〉
− 1
ε2
〈∗[Bt, ∗FA], d∗AdABt〉 − 〈∇tdA ∗Xt(A), dABt〉
+ 〈2[∇tBt ∧Bt], dABt〉
and thus
1
2
∂2t ‖dABt‖2 ≥
1
2
‖∇tdABt‖2 + 1
2ε2
‖d∗AdABt‖2 −
c
ε2
‖d∗AFA‖2
− cε2‖Bt‖2 − cε2‖X˙t(A)‖2L∞ − cε2‖∇tBt‖2.
(10.26)
and
1
2
∂2t ‖dABt‖2 ≥
1
2
‖∇tdABt‖2 + 1
2ε2
‖d∗AdABt‖2 −
c
ε4
‖d∗AFA‖2
− c‖dABt‖2 − c‖Bt‖2 − c
ε2
‖FA‖2.
(10.27)
Therefore, (10.27) combined with (10.23) yields to
∂2t
(
‖dABt‖2 + c0 1
ε2
‖FA‖2 + c0‖Bt‖2
)
≥− c‖Bt‖2 − c‖X˙t(A)‖L∞ − c
ε2
‖FA‖2 − c‖dABt‖2
(10.28)
where we use that
∂2t ‖FA‖2 ≥ −cε2‖Bt‖2 − cε2‖dABt‖2
by the fifth line of (10.14). The lemma 10.6 applyed the last estimate give us
sup
t∈K
‖dABt‖ ≤ c
∫
Ω
(
‖dABt‖2 + 1
ε2
‖FA‖2 + ‖Bt‖2
)
dt.
The estimate (10.26) combined with (10.23) yields to
∂2t
(‖dABt‖2 + c0‖FA‖2 + c0ε2‖Bt‖2)
≥‖∇tdABt‖2 + 1
ε2
‖d∗AdABt‖2 − cε2‖Bt‖2 − cε2‖X˙t(A)‖L∞ − c‖FA‖2
(10.29)
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for a constant c0 big enough. Hence, if 0 < ε < c2, by lemma 10.6 we have∫
S1
(
ε2‖∇tdABt‖2 + ‖d∗AdABt‖2
)
dt
≤cε2
∫
S1
(
‖dABt‖2 + ‖FA‖2 + ε2‖Bt‖2 + ε2cX˙t(A)
)
dt
≤cε2
∫
S1
(
‖d∗AdABt‖2 + ‖FA‖2 + ε2‖Bt‖2 + ε2cX˙t(A)
)
dt
≤cε2
∫
S1
(
ε2‖dABt‖2 + ‖FA‖2 + ε2‖Bt‖2 + ε2cX˙t(A)
)
dt
≤cε2
∫
S1
(
‖FA‖2 + ε2‖Bt‖2 + ε2cX˙t(A)
)
dt
(10.30)
where the second estimate follows from the lemma A.1, the third inequality follows
from the first one and the first step implies the last estimate. 
The estimate (10.7) follows combining the second and the third step; hence, we
finished the proof of the theorem 10.2. 
Proof of theorem 10.4. If we prove that ‖∂tAε − dAεΨε‖L4(Σ) is uniformly bounded
by a constant, then by the theorem 10.2 and the Sobolev estimate it follows that
‖∂tAε − dAεΨε‖L∞(Σ) ≤ ‖∂tAε − dAεΨε‖L4(Σ) + ‖d∗AεdAε(∂tAε − dAεΨε)‖L2(Σ) ≤ c
and hence (10.8) is satisfied for ε sufficiently small. We prove the theorem by an
indirect argument assuming that there is a sequence {Ξεν = Aεν + Ψενdt}ν∈N,
εν → 0, of perturbed Yang-Mills connections that satisfies YMεν ,H(Ξεν ) ≤ b and
mν := supt∈S1 ‖∂tAεν − dAενΨεν‖L4(Σ) → ∞. In addition we assume that there is
a convergent sequence tν → t∞ in S1 such that
(10.31)
∥∥∂tAεν (tν)− dAεν (tν)Ψεν (tν)∥∥L4(Σ) = mν .
We need to check three cases that depend from the behavior of the sequence ενmν .
Case 1: limν→∞ ενmν = 0. We define a new sequence of connections Ξ¯
εν :=
A¯εν + Ψ¯ενdt by A¯εν (t) := Aεν (tν + t/mν), and Ψ¯
εν (t) := 1mνΨ
εν (tν + t/mν). This
sequence satisfies the perturbed Yang-Mills equations
1
ε2νm
2
ν
d∗A¯ενFA¯εν = ∇¯t
(
∂tA¯
εν − dA¯εν Ψ¯εν
)
+
1
m2ν
∗Xtν+ tmν (A¯
εν ),
d∗A¯εν
(
∂tA¯
εν − dA¯εν Ψ¯εν
)
= 0.
In addition, we have the following estimates for the norms for ε¯ν := ενmν
(10.32)
sup
t∈[−mν2 ,
mν
2 ]
∥∥∂tA¯εν − dA¯εν Ψ¯εν∥∥L4(Σ) = ∥∥∂tA¯εν (0)− dA¯εν (0)Ψ¯εν (0)∥∥L4(Σ) = 1,
1
ε¯2ν
‖FA¯εν ‖2L2 =
∫ mν
2
−mν
2
1
ε¯2ν
‖FA¯εν ‖2L2(Σ) dt
=
∫ 1
2
− 1
2
1
mνε2ν
‖FAεν ‖2L2(Σ) dt ≤
b2
mν
,
(10.33)
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∥∥∂tA¯εν − dA¯εν Ψ¯εν∥∥2L2 =
∫ −mν
2
−mν
2
∥∥∂tA¯εν − dA¯εν Ψ¯εν∥∥2L2(Σ) dt
=
∫ − 1
2
− 1
2
1
m2ν
‖∂tAεν − dAενΨεν‖2L2(Σ)mνdt ≤
b2
mν
.
(10.34)
We denote ∂tA¯
εν−dA¯εν Ψ¯εν by B¯νt and we remark that the L∞-norm of 1m2ν X˙tν+ tmν (A¯)
can be estimate by cm3ν
where c is a positive constant; thus, by the Sobolev estimate
and the theorem 10.2 we can conclude that
sup
t∈[−mν2 ,
mν
2 ]
∥∥B¯νt ∥∥2L4(Σ) ≤c sup
t∈[−mν2 ,
mν
2 ]
(
‖B¯νt ‖2L2(Σ) + ‖d∗A¯εν dA¯εν B¯νt ‖2L2(Σ)
)
≤c
∫ mν
2
−mν
2
(
‖B¯νt ‖2L2(Σ) +
1
ε2νm
2
ν
‖FA¯εν ‖2L2(Σ) +
1
m3ν
)
dt
≤ c
mν
(
1 +
1
mν
+
1
m2ν
)
which converges to 0 in contradiction to (10.32).
Case 2: limν→∞ ενmν = c1 > 0. This time we choose a different rescaling to
define Ξ¯εν := A¯εν + Ψ¯ενdt, i.e.
A¯εν (t) := Aεν (tν + ενt), Ψ¯
εν (t) := ενΨ
εν (tν + ενt)
which satisfies the perturbed Yang-Mills equations
d∗A¯ενFA¯εν = ∇¯t
(
∂tA¯
εν − dA¯εν Ψ¯εν
)
+ ε2ν ∗Xtν+ενt(A¯εν ),
d∗A¯εν
(
∂tA¯
εν − dA¯εν Ψ¯εν
)
= 0
and
(10.35)
sup
t∈[− 12εν ,
1
2εν
]
∥∥∂tA¯εν − dA¯εν Ψ¯εν∥∥L4(Σ) = ∥∥∂tA¯εν (0)− dA¯εν (0)Ψ¯εν (0)∥∥L4(Σ) ≤ 2c1
for ν sufficiently big. Furthermore, we have the estimates
‖FA¯εν ‖2L2 =
∫ 1
2εν
− 1
2εν
‖FA¯εν ‖2L2(Σ) dt
=
∫ 1
2
− 1
2
1
εν
‖FAεν ‖2L2(Σ) dt ≤ bεν ,
(10.36)
∥∥∂tA¯εν − dA¯εν Ψ¯εν∥∥2L2 =
∫ 1
2εν
− 1
2εν
∥∥∂tA¯εν − dA¯εν Ψ¯εν∥∥2L2(Σ) dt
=
∫ 1
2
− 1
2
ε2ν ‖∂tAεν − dAενΨεν‖2L2(Σ)
1
εν
dt ≤ bεν .
(10.37)
If we denote ∂tA¯
εν − dA¯εν Ψ¯εν by B¯νt and we consider cε3ν as the bound for the
L∞-norm of ε2νX˙tν+ενt(A¯), then, by the Sobolev estimate and the theorem 10.2 we
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can conclude that
sup
∥∥B¯νt ∥∥2L4(Σ) ≤c sup
(
‖B¯νt ‖2L2(Σ) + ‖d∗A¯εν dA¯εν B¯νt ‖2L2(Σ)
)
≤c
∫
S1
(
‖B¯νt ‖2L2(Σ) + ‖FA¯εν ‖2L2(Σ) + ε3ν
)
dt
≤cεν
(
1 + εν + ε
2
ν
)
which converges to 0 in contradiction to (10.35).
Case 3: limν→∞ ενmν =∞. First, we define Ξ¯εν := A¯εν + Ψ¯ενdt as in the first
case, i.e.
A¯εν (t) := Aεν
(
tν +
t
mν
)
, Ψ¯εν (t) :=
1
mν
Ψεν
(
tν +
t
mν
)
.
The new sequence satisfies then
(10.38) d∗A¯ενFA¯εν = ε
2
νm
2
ν∇¯t
(
∂tA¯
εν − dA¯εν Ψ¯εν
)
+ ε2ν ∗Xtν+t/mν (A¯εν ),
d∗A¯εν
(
∂tA¯
εν − dA¯εν Ψ¯εν
)
= 0.
In addition, we obtain the following estimates for any compact set K ⊂ R that
(10.39)
sup
t∈[− 12mν ,
1
2mν
]
∥∥∂tA¯εν − dA¯εν Ψ¯εν∥∥L4(Σ) = ∥∥∂tA¯εν (0)− dA¯εν (0)Ψ¯εν (0)∥∥L4(Σ) = 1,
‖FA¯εν ‖2L2(Σ×K) =
∫
K
‖FA¯εν ‖2L2(Σ) dt ≤ mν
∫
K
‖FAεν ‖2L2(Σ) dt ≤ cε2νmν ,
∥∥∂tA¯εν − dA¯εν Ψ¯εν∥∥2L2(K) =
∫
K
∥∥∂tA¯εν − dA¯εν Ψ¯εν∥∥2L2(Σ) dt
≤
∫
K
1
m2ν
‖∂tAεν − dAενΨεν‖2L2(Σ)mνdt ≤
b
mν
.
(10.40)
Analogously as in the first two cases we denote ∂tA¯
εν − dA¯εν Ψ¯εν by B¯νt and we
consider 1m3ν
as the bound for the L∞-norm of 1m2ν
X˙tν+ tmν
(A¯), then, by the Sobolev
estimate and the theorem 10.2 we can conclude that, for a compact set K and an
open set Ω with 0 ∈ K ⊂ Ω,
sup
t∈K
∥∥B¯νt ∥∥2L4(Σ) ≤c sup
t∈K
(
‖B¯νt ‖2L2(Σ) + ‖dA¯εν B¯νt ‖2L2(Σ)
)
≤c
∫
Ω
(
‖B¯νt ‖2L2(Σ) +
1
ε2νm
2
ν
‖FA¯εν ‖2L2(Σ)
)
dt
+ c
∫
Ω
(
ε2ν
mν
+ ‖dA¯εν B¯νt ‖2L2(Σ)
)
dt
≤ c
mν
+
c
mν
∫
S1
‖dAεν (∂tAεν − dAενΨεν )‖2L2(Σ) dt
≤ c
mν
+
cε
1
2
ν
mν
where the last step follows from the next claim. Then the L4-norm of B¯νt converges
to 0 by the last estimate in contradiction to (10.39).
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Claim: For any perturbed Yang-Mills connection Ξ = A+Ψdt
‖dABt‖L2 ≤ cε
1
4
where we denote ∂tA− dAΨ by Bt.
Proof. If we consider the identity
ε2
∥∥∥∥ 1ε2 d∗AFA −∇tBt − ∗Xt(A)
∥∥∥∥
2
L2
+ ‖∇tFA − dABt‖2L2
=
1
ε2
‖d∗AFA‖2L2 + ε2 ‖∇tBt‖2L2 + ε2 ‖Xt(A)‖2L2
+ ‖∇tFA‖2L2 + ‖dABt‖2L2 − 2ε2
〈
∗Xt(A), 1
ε2
d∗AFA −∇tBt
〉
− 2 〈d∗AFA,∇tBt〉 − 2 〈∇tFA, dABt〉 ,
(10.41)
we can remark that first line vanishes by the perturbed Yang-Mills equation (5.2)
and by the Bianchi identity ∇tFA = dABt; in addition, the last line can be written
as
−2 〈d∗AFA,∇tBt〉 − 2 〈∇tFA, dABt〉 = 2 〈FA, [Bt ∧Bt]〉
by the commutation formula (7.15). The identity (10.41) yields therefore to
‖dABt‖2L2 + ε2‖∇tBt‖2L2
≤2 |〈dA ∗Xt(A), FA〉|+ ε2|〈∗∇tXt(A), Bt〉|+ c‖FA‖L2 · ‖Bt‖2L4
≤c‖FA‖2L2 + ε2(1 + ‖Bt‖2L2) + cε−
1
2 ‖FA‖L2 · ‖Bt‖21,2,ε
≤cε2(1 + ‖Bt‖2L2) + cε
1
2
(‖Bt‖2L2 + ‖dABt‖2L2 + ε2‖∇tBt‖2L2)
≤cε 12 + cε 12 (‖dABt‖2L2 + ε2‖∇tBt‖2L2)
where we use the Ho¨lder inequality and the Sobolev estimate in the second estimate
and the assumption 1ε2 ‖FA‖2L2 + ‖Bt‖2L2 ≤ 2b in the last two estimates. Thus
choosing ε small enough the claim holds. 
Since we have found a contradiction for all the tree cases, we can conclude that
supt∈S1 ‖∂tA − dAΨ‖L4 is uniformly bounded for ε sufficiently small and thus the
proof of the theorem 10.4 is finished. 
11. Surjectivity of T b,ε
In the fifth chapter we defined the injective map T ε,b in a unique way, in this
one we show that it is also surjective provided that ε is chosen sufficiently small.
Theorem 11.1. Let b > 0 be a regular value of EH . Then there is a constant
ε0 > 0 such that
T ε,b : CritbEH → CritbYMε,H
is bijective for 0 < ε < ε0.
Proof. The indirect proof will be divided in five steps. First, we assume that there
is a decreasing sequence εν , ν → ∞, converging to 0 and a sequence of perturbed
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Yang-Mills connections Ξν = Aν +Ψνdt ∈ CritbYMεν ,H that are not in the image of
T εν ,b. By the theorems 10.1 and 10.4 the sequence satisfies
(11.1) ‖FAν‖L∞(Σ) ≤ cε2−
1
p , ‖∂tAν − dAνΨν‖L∞(Σ) ≤ c,
sup
s∈S1
( ‖FAν‖L2(Σ) + ‖d∗AνFAν‖L2(Σ) + ‖dAνd∗AνFAν‖L2(Σ)
+ εν
∥∥∥∇Ψνt FAν∥∥∥
L2(Σ)
+ ε2ν
∥∥∥∇Ψνt ∇Ψνt FAν∥∥∥
L2(Σ)
) ≤ cε2−1/pν .(11.2)
In the estimate (11.2) the constant c depends on p ≥ 2 which can be taken as big
as we want. In order to conclude the proof we will need to choose p > 6 as we will
see in the proof of the fifth step.
In step 1, for each Ξν we will define a connection Ξ¯ν = A¯ν + Ψ¯νdt near Ξν , flat
on the fibers, which satisfies, for a constant c > 0,
∥∥piA¯ν (F0 (Ξ¯ν))∥∥Lp ≤ cε1−1/pν .
Next, in the second step, we will find a representative Ξ0 of a perturbed geodesic for
which
∥∥Ξν − Ξ0∥∥
1,p,1
+
∥∥Ξν − Ξ0∥∥
L∞
≤ cε1−1/pν for a subsequence of {Ξν}ν∈N (step
3). Then, in step 5, we will improve this last estimate in order to apply the local
uniqueness theorem 9.4 which requires that the norms are bounded by δε for δ and
ε sufficiently small; in this way we will have a contradiction, because a subsequence
of {Ξν}ν∈N will turn out to be in the image of T εν ,b.
Step 1. There are two positive constants c and ν0 such that the following holds.
For every Ξν , ν > ν0, there is a connection Ξ¯
ν = A¯ν + Ψ¯νdt which satisfies
i) FA¯ν = 0, ii) d
∗
A¯ν
(∂tA¯
ν − dA¯ν Ψ¯ν) = 0,
iii)
∥∥Ξν − Ξ¯ν∥∥
Ξ¯ν ,1,p,εν
≤ cε2−
1
p
ν , iv)
∥∥piA¯ν (F0 (Ξ¯ν))∥∥Lp ≤ cε1−1/pν .
Proof of step 1. Since ‖FAν‖L∞(Σ) ≤ cε2−
1
p , by lemma A.2 there is a positive con-
stant c such that for anyAν there is a unique 0-form γν which satisfies FAν+∗dAν γν =
0, ‖dAνγν‖L∞(Σ) ≤ c ‖FAν‖L∞(Σ). We denote Ξ¯ν := A¯ν + Ψ¯νdt where A¯ν :=
Aν + ∗dAνγν , αν := ∗dAνγν and Ψ¯ν := Ψν + ψν is the unique 0-form such that
d∗
A¯ν
(∂tA¯
ν − dA¯ν Ψ¯ν) = 0; Ψ¯ν is well defined because d∗AdA : Ω0(Σ, gP )→ Ω0(Σ, gp)
is bijective for any flat connection A. Hence, αν satisfies the estimate
(11.3) ‖αν‖L∞(Σ) = ‖dAνγν‖L∞(Σ) ≤ c ‖FAν‖L∞(Σ) ≤ cε
2− 1
p
ν .
Since the Ξν is a perturbed Yang-Mills connection, i.e.
(11.4)
1
ε2ν
d∗AνFAν = ∇Ψ
ν
t (∂tA
ν − dAνΨν) + ∗X(Aν),
we have that the connections Ξ¯ν satisfy
∇Ψ¯νt (∂tA¯ν − dA¯ν Ψ¯ν) + ∗X(A¯ν)
= ∇Ψνt (∂tAν − dAνΨν) + ∗X(Aν)
+ [ψν , (∂tA
ν − dAνΨν)] +∇Ψ¯
ν
t (∇Ψ¯
ν
t α
ν − dAνψν)
=
1
ε2ν
d∗A¯νFAν −
1
ε2ν
∗ [αν ∧ ∗FAν ] + 2[ψν , (∂tAν − dAνΨν)]
+∇Ψ¯νt ∇Ψ¯
ν
t α
ν − dAν∇Ψ
ν
t ψ
ν − [ψν , dAνψν ]
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where in the last equality we used (11.4) and the commutation formula (7.15); thus,
piA¯ν
(F0(A¯ν , Ψ¯ν)) =− piA¯ν (∇Ψ¯νt (∂tA¯ν − dA¯ν Ψ¯ν) + ∗X(A¯ν))
=piA¯ν
(
∗ 1
ε2ν
[αν ∧ ∗FAν ]− 2[ψν , (∂tAν − dAνΨν)]
)
− piA¯ν
(
[ψν , dAνψ
ν ] +∇Ψ¯νt ∇Ψ¯
ν
t α
ν + [αν ,∇Ψνt φν ]
)
.
Therefore, by (11.3) and the next lemma,∥∥∥piA¯ν (F0(A¯ν , Ψ¯ν)) ∥∥∥
Lp
≤
∥∥∥∥ 1ε2ν piA¯ν (∗ [αν ∧ ∗FAν ])
∥∥∥∥
Lp
+ ‖piA¯ν (2[ψν , (∂tAν − dAνΨν)])‖Lp
+
∥∥∥piA¯ν (∇Ψ¯νt ∇Ψ¯νt αν + [αν ,∇Ψνt φν ]− [ψν , dAνψν ])∥∥∥
Lp
≤ cε2−
2
p
ν +
∥∥∥piA¯ν (∇Ψνt ∇Ψ¯νt αν)∥∥∥
Lp
where ∥∥∥piA¯ν (∇Ψνt ∇Ψ¯νt αν)∥∥∥
Lp
≤
∥∥∥piA¯ν (∇Ψνt [ψν , αν ] + ∗∇Ψνt [(∂tAν − dAνΨν), γν ])∥∥∥
Lp
+
∥∥∥piA¯ν (dAν∇Ψνt ∇Ψνt γν + [(∂tAν − dAνΨν),∇Ψνt γν ])∥∥∥
Lp
≤cε1−1/pν
follows from lemma 11.2 and hence
(11.5)
∥∥∥piA¯ν (F0(Aν ,Ψν)) ∥∥∥
0,p,ε
≤ cε1−1/pν .
The estimate
∥∥Ξν − Ξ¯ν∥∥
Ξ¯ν ,1,p,εν
≤ cε2−
1
p
ν follows from the lemma 11.2. 
Lemma 11.2. There are constants c > 0, ε¯0 > 0 such that
‖ψν‖L∞(Σ) + ‖dAνψν‖Lp(Σ) ≤ cε2−1/pν ,∥∥∥∇Ψνt αν∥∥∥
Lp(Σ)
+
∥∥∥∇Ψνt γν∥∥∥
L∞(Σ)
≤ cε1−1/pν ,∥∥∥∇Ψνt ψν∥∥∥
L∞(Σ)
+ ε
∥∥∥∇Ψνt ∇Ψνt γν∥∥∥
L∞(Σ)
≤ cε1−1/pν
for any 0 < εν < ε¯0.
Proof of lemma 11.2. Since the Yang-Millas connections Ξν satisfy
d∗Aν (∂tA
ν − dAνΨν) = 0,
from the definition of ψν we have
0 =d∗A¯ν
(
∂tA¯
ν − dA¯ν Ψ¯ν
)
=− ∗ [αν ∧ ∗ (∂tAν − dAνΨν)] + d∗A¯ν∇Ψ
ν
t α
ν − d∗A¯νdA¯νψν
(11.6)
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where
d∗A¯ν∇Ψ
ν
t α
ν =− ∗[(∂tAν − dAνΨν) ∧ ∗αν ]− ∗[αν ∧ ∗∇Ψ
ν
t α
ν ] +∇Ψνt d∗Aναν ,
∇Ψνt d∗Aναν =∇Ψ
ν
t d
∗
Aνd
∗
Aν ∗ γν = ∇Ψ
ν
t ∗ [FAν ∧ γν ]
= ∗ [∇Ψνt FAν ∧ γν] + ∗[FAν ∧ ∇Ψ
ν
t γ
ν ].
Since we know that ‖αν‖L∞(Σ) + ‖γν‖L∞(Σ) ≤ cε
2− 1
p
ν , the proof of the first two
inequalities of the lemma is completed by showing that there exists a constant c
such that
(11.7) ‖∇Ψνt αν‖Lp(Σ) + ‖∇Ψ
ν
t γ
ν‖Lp(Σ) ≤ cε1−1/pν
and estimating the norms of ψν and of dA¯νψ
ν using (11.6):
‖ψν‖L∞(Σ) ≤c‖dA¯νψν‖Lp(Σ) ≤ c‖d∗A¯νdA¯νψν‖L2(Σ)
=‖ − ∗ [αν ∧ ∗ (∂tAν − dAνΨν)] + d∗A¯ν∇Ψ
ν
t α
ν‖L2(Σ)
≤c‖αν‖L2(Σ) + ‖αν‖L∞(Σ)‖∇Ψ
ν
t α
ν‖L2(Σ)
+ ‖γν‖L∞(Σ)‖∇Ψ
ν
t FAν‖L2(Σ) + ‖FAν‖L∞(Σ)‖∇Ψ
ν
t γ
ν‖L2(Σ)
≤cε2−
1
p
ν .
In order to show (11.7) we derive
FAν + dAν ∗ dAνγν + 1
2
[dAνγ
ν ∧ dAνγν ] = 0
by ∇Ψνt and we obtain
dAν ∗ dAν∇Ψ
ν
t γ
ν =−∇Ψνt FAν − [dAν∇Ψ
ν
t γ
ν ∧ dAνγν]
− [[(∂tAν − dAνΨν) ∧ γν ] ∧ dAνγν ]
− [(∂tAν − dAνΨν) ∧ ∗dAνγν ]
(11.8)
and hence, by (11.1),
‖dAν ∗ dAν∇Ψ
ν
t γ
ν‖L2(Σ)
≤c‖∇Ψνt FAν‖L2(Σ) + c‖αν‖L∞(Σ)‖dAν ∗ dAν∇Ψ
ν
t γ
ν‖L2(Σ)
+ c ‖∂tAν − dAνΨν‖L∞(Σ) ‖αν‖L∞(Σ)
(
1 + ‖γν‖L2(Σ)
)
≤c
(
‖∇Ψνt FAν‖L2(Σ) + ‖αν‖L∞(Σ)
)
+ cε
2
−
1
p ‖dAν ∗ dAν∇Ψ
ν
t γ
ν‖L2(Σ).
Choosing ε sufficiently small, we have by (11.2),
‖dAν ∗ dAν∇Ψ
ν
t γ
ν‖L2(Σ) ≤ cε
1− 1
p
ν
which yields to
‖∇Ψνt γν‖L∞(Σ) ≤c‖dAν ∗ dAν∇Ψ
ν
t γ
ν‖L2(Σ)
≤c
(
‖∇Ψνt FAν‖L2(Σ) + ‖αν‖L∞(Σ)
)
≤ cε1−1/pν
by lemma A.1 and
‖∇Ψνt αν‖Lp(Σ) = ‖∇Ψ
ν
t dAνγ
ν‖Lp(Σ)
≤‖dAν∇Ψ
ν
t γ
ν‖Lp(Σ) + ‖[(∂tAν − dAνΨν), γν ]‖Lp(Σ)
≤c‖dA ∗ dAν∇Ψ
ν
t γ
ν‖L2(Σ) + c‖γν‖Lp(Σ) ≤ c2ε1−1/pν .
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Analogously, one can obtain the third inequality of the lemma; the starting point
is to derive (11.6) and (11.8) by ∇Ψνt and to use the estimate∥∥∥∇Ψνt ∇Ψνt FAν∥∥∥
L2(Σ)
≤ c2ε−1/p
in order to show∥∥∥∇Ψνt ψν∥∥∥
L∞(Σ)
+ εν
∥∥∥∇Ψνt ∇Ψνt γν∥∥∥
L∞(Σ)
≤ cε1−1/pν .

In the following, by the Nash embedding theorem, we consider Mg(P ) to be a
compact submanifold of Rn.
Step 2. The sequence
{
uν :=
[
A¯ν
]}
ν∈N
has a subsequence, still denoted by uν ,
which converges to a perturbed geodesic u0 respect to the norm ‖ · ‖W 1,p or more
precisely ∥∥uν − u0∥∥
W 1,p
≤ cε1−1/pν
for a constant c > 0.
Proof of step 2. Since FA¯ν = 0, the vector ∂tA¯
ν lies on the tangent space TA¯νA0(P )
and hence in the kernel of dA¯ν ; thus dA¯ν (∂tA¯
ν − dA¯ν Ψ¯ν) = 0. Every [A¯ν ] is
therefore a curve in the moduli spaceMg(P ) with velocity ∂tA¯ν−dA¯ν Ψ¯ν ; moreover
it approximates a geodesic in the sense of inequality (11.5). Therefore {uν}ν∈N is
a bounded Palais-Smale sequence and hence, using next lemma, it has a strong
convergent subsequence that converge in the norm ‖ ·‖W 1,p to a perturbed geodesic
u0 and ‖uν − u0‖W 1,p ≤ cε
1− 1
p
ν . 
Lemma 11.3. Let p ≥ 2 and M be a compact embedded manifold. We choose the
energy
E(u) =
1
2
∫ 1
0
(|∇u|2 +Ht(u)) dt
for any u ∈ W 1,p(S1,M) where Ht :M→ R is a smooth Hamiltonian. For every
bounded sequence {uν}ν∈N ⊂W 1,p(S1,M) which satisfies
‖dE(uν)‖Lp → 0
there is a critical curve u∞ ∈ W 1,p(S1,M) such that for a subsequence {uιν}ν∈N ⊂
{uν}ν∈N we have
(1) ‖uιν − u0‖W 1,p → 0 (k →∞);
(2) The {LE(uιν)}ν∈N, where LE denote the linearisation of dE, converges in
Lp to the Jacobi operator of u0;
(3) If the Jacobi operator of u∞ is invertible, then there is a constant c > 0
such that ‖uιν − u0‖W 1,p ≤ c‖dE(uν)‖Lp .
Proof of lemma 11.3. (1) The energy functional E satisfies the Palais-Smale con-
dition for the norm ‖ · ‖W 1,2 : We refer the reader to [15], theorem 4.4, for the proof
in the case M is a surface and Ht = 0, but the proof applied also for the general
case. Therefore, {uν}ν∈N has a subsequence, still denoted by {uν}ν∈N, which con-
verges to a perturbed geodesic u0 in W 1,2(S1,M). It remains to prove that the
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sequence converges to u0 also in ‖ · ‖W 1,p , in fact
‖uν − u0‖W 1,p ≤ sup
v∈W 1,q,‖v‖
W1,q
=1
∫ 1
0
(
〈∇(uν − u0),∇v〉+ 〈uν − u0, v〉
)
dt
= sup
v∈W 1,q,‖v‖
W1,q
=1
(
−
∫ 1
0
〈dH(uν)− dHt(u0), v〉dt
+
∫ 1
0
〈∆(uν) + dHt(uν), v〉dt+
∫ 1
0
〈uν − u0, v〉dt
)
converges to 0.
(2) The Lp convergence of dE(uν) implies the convergence of ∇tu˙ν because
||∇tu˙ν −∇tu˙0||Lp ≤ ||dE(uν)− dE(u0)||Lp + ||dH(uν)− dH(u0)||Lp
goes to 0 for ν →∞. We denote by R the Riemann tensor of the manifold M and
by Π the projection on its tangent space. Then the linearisation of dE respect to
the loops uν is (cf. appendix B in [16])
LE(uν)X(uν) = −∇u˙ν∇u˙νX(uν)−R(X(uν), u˙ν)u˙ν −∇X(uν)∇Ht(uν)
for any vector field X on M and the first term can be written as
∇u˙ν∇u˙νX(uν) =∇u˙ν (Π(uν)dX(uν)u˙ν)
=Π(uν) (dΠ(uν)u˙ν) (dX(uν)u˙ν)
+ Π(uν)d2X(uν)u˙ν u˙ν)
+ Π(uν)dX(uν)∇u˙ν u˙ν .
Thus, for a constant c > 0,∥∥LE(uν)− LE(u0)∥∥
Lp
≤c (∥∥uν − u0∥∥
Lp
+
∥∥u˙ν − u˙0∥∥
Lp
)
+ c
∥∥∇u˙ν u˙ν −∇u˙0 u˙0∥∥Lp .
The sequence {LE(uν)}k∈N converges therefore to the Jacobi operator of u0 in Lp.
(3) The third conclusion of the theorem can be proved using the following theo-
rem (see Proposition A.3.4. in [10]). In our case we chose
f : W 2,p((uν)∗TM) → L2((uν)∗TM)
x 7→ f(x) := gx(F0(expuν (x))
where gx : L
p(expuν (x)
∗TM) → Lp((uν)∗TM) is the parallel transport along
t 7→ expuν ((1− t)x). 
Theorem 11.4. Let X and Y be Banach spaces, U ⊂ X be an open set, and
f : U → Y be a continuously differentiable map. Let x0 ∈ U be such that D :=
df(x0) : X → Y is surjective and has a (bounded linear) right inverse Q : Y → X.
Choose positive constants δ and c such that ‖Q‖ ≤ c, Bδ(x0;X) ⊂ U , and
‖x− x0‖ < δ ⇒ ‖df(x)−D‖ ≤ 1
2c
.
Suppose that x1 ∈ X satisfies
‖f(x1)‖ < δ
4c
, ‖x1 − x0‖ < δ
8
.
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Then there exists a unique x ∈ X such that
f(x) = 0, x− x1 ∈ im Q, ‖x− x0‖ ≤ δ.
Moreover, ‖x− x1‖ ≤ 2c‖f(x1)‖.
Step 3.There is a lift Ξ0 of the closed geodesic u0 and a sequence gν ⊂ G2,p0 (P ×
S1) such that
(11.9)∥∥g∗νΞν − Ξ0∥∥1,p,1 + ∥∥g∗νΞν − Ξ0∥∥L∞ ≤ cε1−1/pν , ‖dA0(g∗νAν −A0)‖Lp ≤ cε2−2/pν .
and d∗A0(g
∗
νA
ν − A0)‖L2 = 0. For expositional reasons we will still denote by Ξν
the sequence g∗νΞ
ν .
Proof of step 3. We choose now a representative Ξ0 = A0 + Ψ0dt of the geodesic
u0. Since the sequence of curves on the moduli space converges to a geodesic [Ξ0]
in W 1,p, i.e.
(11.10)
∥∥[Ξ¯ν]− [Ξ0]∥∥
W 1,p(S1,M)
≤ cε1−1/pν ,
by the Sobolev embedding theorem we have that∥∥[Ξ¯ν]− [Ξ0]∥∥
L∞
≤ cε1−1/pν .
Therefore there is a sequence gν ⊂ G2,p0 (P × S1) such that
(11.11) d∗A0
(
g∗νA
ν −A0) = 0
and in order to symplify the exposition we still denote the sequence g∗νΞ
ν by Ξν .
The condition (11.11) means that we choose the closest connection in the orbit
of Aν to A0 respect to the L
2(Σ)-norm. The existence of gν is assured by the
lemma 3.3 and by the local slice theorem (see theorem 8.1 in [18]). Therefore∥∥Ξ¯ν − Ξ0∥∥
L∞
≤ cε1−1/pν and thus by the first step
(11.12)
∥∥Ξν − Ξ0∥∥
L∞
≤ cε1−1/pν .
Since
dA0
(
Aν −A0) = FAν − 1
2
[(
Aν −A0) ∧ (Aν −A0)] ,
we have the estimate
(11.13)
∥∥dA0 (Aν −A0)∥∥Lp ≤ ‖FAν‖Lp + c‖Aν −A0‖L∞‖Aν −A0‖Lp ≤ cε2−2/pν .
Next, we remark, using ∇t := ∂t + [Ψ0, ·], that
0 = ∇td∗A0
(
Aν −A0) = d∗A0∇t (Aν −A0)+ ∗ [(∂tA0 − dA0Ψ0) ∧ ∗ (Aν −A0)] ,
thus,
d∗A0dA0
(
Ψν −Ψ0) = d∗A0 (∂tA0 − dA0Ψ0)− d∗Aν (∂tAν − dAνΨν)
+ d∗A0∇t
(
Aν −A0)− d∗A0 [(Aν −A0) ∧ (Ψν −Ψ0)]
− ∗ [(Aν −A0) ∧ ∗ (∂tAν − dAνΨν)]
=− ∗ [(Aν −A0) ∧ ∗ (∂tAν − dAνΨν)]
− ∗ [(Aν −A0) ∧ ∗ (∂tA0 − dA0Ψ0)]
− ∗ [∗(Aν −A0) ∧ dA0(Ψν −Ψ0)]
(11.14)
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allows us to compute the estimate using (11.1)
∥∥dA0 (Ψν −Ψ0)∥∥Lp + ∥∥Ψν −Ψ0∥∥Lp ≤ c ∥∥dA0 ∗ dA0 (Ψν − Ψ0)∥∥Lp
≤c‖Aν −A0‖Lp + ‖Aν −A0‖L∞‖dA0(Aν −A0)‖Lp ≤ cε1−1/pν .
(11.15)
Furthermore, since, by (11.10),∥∥(∂tAν − dAνΨν)− (∂tA0 − dA0Ψ0)∥∥Lp ≤ cε1−1/pν ,
(11.16)
∥∥∇t (Aν −A0)∥∥Lp ≤ cε1−1/pν .
On the other side, we have
d∗A0dA0∇t
(
Ψν −Ψ0) =∇td∗A0dA0 (Ψν −Ψ0)
− ∗ [(∂tA0 − dA0Ψ0) ∧ ∗dA0 (Ψν − Ψ0)]
+ ∗ [dA0 ∗ (∂tA0 − dA0Ψ0) ∧ (Ψν −Ψ0)]
− ∗ [∗ (∂tA0 − dA0Ψ0) ∧ dA0 (Ψν −Ψ0)]
and deriving (11.14) by ∇t we obtain∥∥∇t (Ψν −Ψ0)∥∥Lp ≤ ∥∥d∗A0dA0∇t (Ψν −Ψ0)∥∥Lp
≤c‖dA0∇t(Ψν −Ψ0)‖Lp + c
∥∥∇t (Aν −A0)∥∥Lp
+
∥∥∇t (Aν −A0)∥∥L2p ∥∥dA0 (Ψν −Ψ0)∥∥L2p
+ c‖Aν −A0‖L∞
(
1 +
1
ε2
‖dAnud∗AνFAν‖L2(Σ)
)
+ ‖Aν −A0‖L∞
∥∥d∗A0dA0∇t (Ψν −Ψ0)∥∥Lp
(11.17)
where in the second estimate we use that, by the perturbed Yang-Mills equations,
‖∇Ψνt (∂tAν − dAνΨν)‖Lp ≤ c+ c
1
ε2
‖d∗AνFAν‖Lp(Σ) ≤ c+ c
1
ε2
‖dAnud∗AνFAν‖L2(Σ) ;
thus,
(11.18)
∥∥∇t (Ψν −Ψ0)∥∥Lp ≤ cε1−1/pν .
Finally by the estimates (11.12), (11.13), (11.11), (11.15), (11.16) and (11.18) we
have
(11.19)
∥∥Ξν − Ξ0∥∥
1,p,1
+ ε1/pν
∥∥Ξν − Ξ0∥∥
L∞
≤ cε1−1/pν
wich proves the third step. 
Step 4. Let p > 3. There is sequence {gν}ν∈N of gauge transformations
gν ∈ G2,p0 (P × S1) such that
(11.20) d
∗εν
Ξ0 (g
∗
νΞ
ν − Ξ0) = 0,
(11.21)
∥∥d∗A0(g∗νAν −A0)∥∥Lp ≤ cε3−1/pν , ∥∥dA0(g∗νAν −A0)∥∥Lp ≤ cε2−2/pν ,
and
(11.22)
∥∥g∗νΞν − Ξ0∥∥1,p,1 + ε1/pν ∥∥g∗νΞν − Ξ0∥∥L∞ ≤ cε1−1/pν .
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Proof of step 4. By the last step the perturbed Yang-Mills connections Ξν , that
satisfy the estimate (11.19) and in addition
ε2ν
∥∥d∗εΞ0(Ξν − Ξ0)∥∥Lp ≤ ∥∥d∗A0(Aν −A0)∥∥Lp + ε2ν ∥∥∇t(Ψν −Ψ0)∥∥Lp ≤ cε3−1/pν ,∥∥Ξν − Ξ0∥∥
0,p,ε
≤
∥∥Ξν − Ξ0∥∥
1,p,ε
≤ cε1−1/pν ≤ δ0ε1/pν
for all 0 < εν ≤ ε0, cε1−2/p0 ≤ δ0 and the δ0 given in theorem 9.9; hence Ξν , Ξ0
satisfy the assumption (9.21) of theorem 9.9 with q = p. Therefore by this last
theorem we can find a sequence gν ∈ G2,p0 (P × S1) such that
d
∗εν
Ξ0 (g
∗
νΞ
ν − Ξ0) = 0
and
(11.23) ‖g∗νΞν − Ξν‖1,p,ε ≤ cε2
∥∥d∗εΞ0(Ξν − Ξ0)∥∥Lp ≤ cε3−1/pν
and therefore, by the Sobolev theorem 6.4,
ε1/pν
∥∥g∗νΞν − Ξ0∥∥∞,ε ≤c ∥∥g∗νΞν − Ξ0∥∥1,p,ε
≤c
(
‖g∗νΞν − Ξν‖1,p,ε +
∥∥Ξν − Ξ0∥∥
1,p,ε
)
≤cε1−1/pν .
The estimates (11.19), (11.23) and the triangular inequality yield also to∥∥d∗A0(g∗νAν −A0)∥∥Lp ≤ ∥∥d∗A0(Aν −A0)∥∥Lp + ‖d∗A0(g∗νAν −Aν)‖Lp ≤ cε3−1/pν ,
∥∥dA0(g∗νAν −A0)∥∥Lp ≤ ∥∥dA0(Aν −A0)∥∥Lp + ‖dA0(g∗νAν −Aν)‖Lp ≤ cε2−2/pν ,
∥∥g∗νΞν − Ξ0∥∥1,p,1 ≤ ∥∥Ξν − Ξ0∥∥1,p,1 + 1ε2 ‖g∗νΞν − Ξν‖1,p,ε ≤ cε1−1/pν .
Thus, we concluded the proof of the fourth step. 
We still denote the new sequence g∗νΞ
ν by Ξν in order to semplify the notation.
δε
uniqueness
Ξ0
cε2−
1
p
cε1−
1
p
situation step 4
piA0(Ξ)
(1− piA0)Ξ
Figure 2. Uniqueness (circle) and the result of step 4 (ellipse).
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Step 5. There are three positive constants δ1, ε0, c such that for any positive
εν < ε0
(11.24) ‖piA0(Aν −A0)‖L2 + ‖piA0(Aν −A0)‖L∞ ≤ cε1+δ1ν .
End of the proof: Since our sequence satisfies the assumptions of the unique-
ness theorem 9.4 because by the fourth step d∗εΞ0(Ξ
ν − Ξ0) = 0 and by the fourth
and the last step
‖Ξν − Ξ0‖1,2,ε + ‖Ξν − Ξ0‖∞,ε ≤ δεν ,
for ν big enough Ξν = T εν ,b(Ξ0) which is a contradiction.
Proof of step 5. In order to estimate the norms of piA0(A
ν−A0) we use the estimate
(7.10), i.e.
‖piA(Aν −A0)‖L2 + ‖∇tpiA(Aν −A0)‖L2
≤c‖piA
(Dεν1 (Ξ0)(Aν −A0,Ψν −Ψ0) + ∗[(Aν −A0) ∧ ∗ω])‖L2
+ c‖Aν −A0 − piA(Aν −A0)‖L2
+ c‖∇t(Aν −A0 − piA(Aν −A0))‖L2
+ cε2‖∇t(Ψν −Ψ0)‖L2 + ε2‖Ψν −Ψ0‖L2
+ cε2ν‖Dεν2 (Ξ0)(Aν −A0,Ψν −Ψ0)‖L2
which, by (9.15), can be written as
‖piA(Aν −A0)‖L2 + ‖∇tpiA(Aν −A0)‖L2
≤c‖piA
(Dεν1 (Ξ0 + ε2να0)(Aν −A0,Ψν −Ψ0))‖L2
+ c‖(Aν −A0)− piA(Aν −A0)‖1,2,εν + cε
3− 1
p
ν
+ c‖∇t((Aν −A0)− piA0(Aν −A0))‖L2
+ ε2ν‖Dεν2 (Ξ0 + ε2να0)(Aν −A0,Ψν −Ψ0)‖L2
(11.25)
where α0 ∈ im d∗A0 is defined in lemma 9.6 choosing ε = 1 and satisfies
(11.26) ‖α0‖2,2,1 + ‖α0‖L∞ ≤ c;
we denote Ξ1,ν = Ξ0+ε2να0 = A
1,ν+Ψ0dt and we recall also that, always by lemma
9.6,
‖Fε1 (Ξ1,ν)‖L2 ≤ cε2, ‖Fε2 (Ξ1,ν)‖L2 ≤ c.
In the following, we will work with the difference Ξν − Ξ1,ν = α˜ν + ψ˜νdt + φ˜νds
which by step 4 and (11.26) satisfies
(11.27) ‖Ξν − Ξ1,ν‖1,2,1 + ε1/pν ‖Ξν − Ξ1,ν‖L∞ ≤ cε1−1/pν .
Furthermore we consider the decomposition
(11.28) Aν −A1,ν = (Aν −Aν1) + (Aν1 −A0) + (A0−A1,ν) = αν + α¯ν − ε2να0 = α˜ν
where αν = Aν −Aν1 is the 1-form defined in the first step and α¯ν := Aν1 −A0.
The idea of the proof is to use the situation described in the picture 3 and in
order to compute the norms of Aν − A0 we use the properties of the orthogonal
splitting H1A0⊕ im dA0⊕ im d∗A0 combined with the facts that αν ∈ im d∗Aν1 and that
the norm of Πim d∗
A0
(α¯ν) can be estimate using the identity dA0α¯
ν = − 12 [α¯ν ∧ α¯ν ]
which can be deduced from the flat curvatures FAν
1
and FA0 .
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FA = 0
α˜ν(t)
Aν1(t) A
0(t)
A1,ν(t)
Aν(t)
α¯ν(t)
ε2να0(t)α
ν(t)
Figure 3. The splitting of the fifth step.
Claim 1: ‖α˜ν − piA0(α˜ν)‖1,2,εν ≤ cε2−2/pν .
Proof of claim 1. By the triangular inequality and d∗A0α0 = 0 we obtain
(11.29) ‖dA0(Aν −A1,ν)‖L2 ≤ ε2ν‖dA0α0‖L2 + ‖dA0(Aν −A0)‖L2 ≤ cε2−3/pν ,
(11.30) ‖d∗A0α˜ν‖L2 ≤ ‖d∗A0(Aν −A0)‖L2 + ε2‖d∗A0α0‖L2 ≤ cε3−1/pν .
and therefore by (11.27), (11.29) and (11.30)
(11.31) ‖α˜ν − piA0(α˜ν)‖1,2,εν ≤ cε2−2/pν .

Claim 2: ε2ν‖Dεν2 (Ξ1,ν)(α˜ν , ψ˜ν)‖L2 ≤ cε2−3/p.
Proof of claim 2. The estimate follows from
Dεν2 (Ξ1,ν)(α˜ν , ψ˜ν) = −Cεν2 (Ξ1,ν)(α˜ν , ψ˜ν)−Fεν2 (Ξν,1),
where ‖Fεν2 (Ξν,1)‖L2 ≤ c and the quadratic estimates of the lemma 8.2. 
Claim 3:
‖piA0(Dεν1 (Ξ1,ν)(α˜ν , ψ˜ν)‖L2 ≤cε2−3/p +
1
ε2
‖piA0([α˜ν ∧ ∗dA0(α˜ν − α¯ν)])‖L2
+ ε1/2−2/pν ‖piA0α˜ν‖L2.
(11.32)
Proof of the claim 3. By ‖Fεν1 (Ξν,1)‖L2 ≤ cε2ν and by the identity
Dεν1 (Ξ1,ν)(α˜ν , ψ˜ν) = −Cεν1 (Ξ1,ν)(α˜ν , ψ˜ν)−Fεν1 (Ξν,1),
we have
‖piA0(Dεν1 (Ξ1,ν)(α˜ν , ψ˜ν)‖L2 ≤‖Fεν1 (Ξ1,ν)‖L2 + ‖piA0(Cεν1 (Ξ1,ν)(α˜ν , ψ˜ν))‖L2
≤cε2−3/p + 1
ε2
‖piA0([α˜ν ∧ ∗(dA0α˜ν +
1
2
[α˜ν ∧ α˜ν ])])‖L2
≤cε2−3/p + 1
ε2
‖piA0([α˜ν ∧ ∗dA0(α˜ν − α¯ν)])‖L2
+ ε1/2−2/pν ‖piA0α˜ν‖L2
(11.33)
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where for the second inequality we estimate every term of Cεν1 (Ξ
1,ν)(α˜ν , ψ˜ν) using
the formula (8.7) and for the third one we we applied
0 = FA0+α¯ν = dA0α¯
ν +
1
2
[α¯ν ∧ α¯ν ], ‖αν‖L2(Σ) + ‖dAναν‖L2(Σ) ≤ cε2−1/p
and the decomposition of α˜ν .

Claim 4: ‖∇t(α¯ν − piA0(α¯ν))‖L2 ≤ cε2−3/pν .
Proof of claim 4. We denote by Πim d
A0
and Πim d∗
A0
respectively the projections
on the linear spaces im dA0 and im d
∗
A0 using the orthogonal splitting (2.3). For
α¯ν − piA0 α¯ν = dA0 γ¯ν + dA0ων , where γ is a 0-form and ω a 2-form, we then have
that
‖∇t(α¯ν − piA0(α¯ν))‖L2 ≤c‖α¯ν − piA0(α¯ν)‖L2 +
∥∥Πim d
A0
(∇tdA0 γ¯ν)
∥∥
L2
+
∥∥∥Πim d∗
A0
(∇td∗A0ων)
∥∥∥
L2
≤cε2−3/pν
where the last estimate follows from the next two:∥∥∥Πim d∗
A0
(∇td∗A0ων)
∥∥∥
L2
≤‖dA0∇td∗A0ων‖L2
≤‖∇tdA0 α¯ν‖L2 + ‖∂tA0 − dA0Ψ0‖L∞‖α¯ν − piA0 α¯ν‖L2
≤‖∇t[α¯ν ∧ α¯ν ]‖L2 + c‖α¯ν − piA0α¯ν‖L2
≤c‖α¯ν‖L∞‖∇tα¯ν‖L2 + c‖α¯ν − piA0α¯ν‖L2 ≤ cε2−3/pν ,
∥∥Πim d
A0
(∇tdA0 γ¯ν)
∥∥
L2
≤ ∥∥Πim d
A0
(∇t (Πim d
A0
(α˜ν)
))∥∥
L2
+
∥∥Πim d
A0
(∇t (Πim d
A0
(αν)
))∥∥
L2
≤c
∥∥d∗A0∇t (Πim dA0 (α˜ν))∥∥L2
+
∥∥Πim d
A0
(∇t (Πim d
A0
(∗[α˜ν , γν])))∥∥
L2
≤‖∇td∗A0α˜ν‖L2 + ‖∂tA0 − dA0Ψ0‖L∞
∥∥Πim d
A0
(α˜ν)
∥∥
+ c ‖[α˜ν , γν ]‖L2 + ‖∇t [α˜ν , γν ]‖L2
≤cε2−2/pν .

Claim 5: εν‖∇t(α˜ν − piA0αν − α¯ν)‖0,2,εν + ‖dA0(α˜ν − α¯ν)‖0,2,εν ≤ cε3−6/pν .
Therefore, using (11.25) and (11.26), we can estimate the norm of the harmonic
part by
‖piA(α˜ε)‖L2 + ‖∇tpiA(α˜ε)‖L2
≤‖piA0(Dεν1 (Ξ1,ν)(α˜ν , ψ˜ν)‖L2 + ‖α˜ν − piA0(α˜ν)‖1,2,ε
+ ‖∇t(α˜ν − piA0(α˜ν))‖L2 + ε2ν‖Dεν2 (Ξ1,ν)(α˜ν , ψ˜ν)‖L2
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by the first thee claims
≤cε2−3/pν +
1
ε2ν
‖piA0([α˜ν ∧ ∗dA0(α˜ν − α¯ν)])‖L2
+ ‖∇t(α˜ν − piA0(α˜ν))‖L2 + ε1/2−2/pν ‖piA0 α˜ν‖L2
≤cε2−5/pν +
1
ε2ν
‖α˜ν‖L∞‖dA0(α˜ν − α¯ν)‖L2
+ ‖∇t(α˜ν − piA0αν − α¯ν)‖L2
+ ‖∇t(α¯ν − piA0α¯ν)‖L2 + ε1/2−2/pν ‖piA0α˜ν‖L2
and because of the fourth and of the fifth claim we can conclude
≤cε2−6/pν + ε1/2−2/pν ‖piA0α˜ν‖L2.
We finish therefore the proof of the fifth step by choosing p > 6. 
Proof of claim 5. We choose an operator as follows.
Qεν (Ξ0)
(
α˜ν , ψ˜ν
)
:=Dεν (Ξ0)
(
α˜ν , ψ˜ν
)
+
1
2εν2
d∗A0 [α¯
ν ∧ α¯ν ]
+ ∗ 1
ε2ν
[
α˜ν ∧ (dA0 α˜ν +
1
2
[α¯ν ∧ α¯ν ])
]
Since dA0 α¯
ν + 12 [α¯
ν ∧ α¯ν ] = 0,
(11.34) d∗A0dA0α
ν +
1
2
d∗A0 [α¯
ν ∧ α¯ν ] = d∗A0dA0(αν − α¯ν)
and ‖d∗Aν α¯ν‖L2 ≤ cε3−1/pν by
‖d∗Aν α¯ν‖L2 ≤‖d∗Aν (Aν −A0)‖L2 + ‖d∗Aν (Aν −A0 − α¯ν)‖L2
≤cε3−1/pν + ‖d∗Aν ∗ dAνγν‖L2
≤cε3−1/pν + 2‖FAν‖L∞‖γν‖L2 ≤ cε3−1/pν
(11.35)
and hence
(11.36) ‖d∗A0α¯ν‖L2 ≤ ‖d∗Aν α¯ν‖L2 + c‖αν‖L4‖α¯ν‖L4 ≤ cε3−2/pν
(11.37) 〈dA0d∗A0α˜ν , α˜ν − α¯ν〉 ≥ ‖d∗A0(α˜ν − α¯ν)‖2L2 − c‖d∗A0α¯‖L2‖d∗A0(α˜ν − α¯ν)‖L2 .
Then
ε2ν〈Qεν1 (Ξ0)
(
α˜ν , ψ˜ν
)
, α˜ν − piA0αν − α¯ν〉 ≥ ‖d∗A0(α˜ν − α¯ν)‖2L2
+ ‖dA0(αε − α¯ε)‖2L2 +
ε2ν
2
‖∇t(α˜ν − piA0αν − α¯ν)‖2L2
− cε3−2/pν ‖d∗A0(α˜ν − α¯ν)‖L2
− cε2ν‖α˜ν‖L2‖αε − piA0αν − α¯ν‖L2 − cε2ν‖α˜ν − piA0αν − α¯ν‖0,2,εν‖ψ˜ν‖0,2,εν
− cε2ν |〈∇tpiA0(α˜ν),∇t(α˜ν − piA0αν − α¯ν)〉|
− cε2|〈∇t(α¯ν − piA0(α¯ν)),∇t(α˜ν − α¯ν − piA0αν)〉|
− ‖α˜ν‖2L∞‖dA0(α˜ν − α¯ν)‖L2‖α˜ν − piA0αν − α¯ν‖L2.
(11.38)
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We can conclude therefore that
εν‖∇t(α˜ν − piA0αν − α¯ν)‖0,2,εν + ‖dA0(α˜ν − α¯ν)‖0,2,εν
≤ε2ν‖Qεν (Ξ0)
(
α˜ν , ψ˜ν
)
‖0,2,εν + cε3−2/pν
+ cε2ν‖α˜ν‖0,2,εν + cε2ν‖ψ˜ν‖0,2,εν
+ cε2ν‖∇tpiA0(αν)‖0,2,εν
+ cε2ν‖piA0(αν)‖0,2,εν ≤ cε3−6/pν
(11.39)
where the last step follows because
‖Qεν1 (Ξ1,ν)(αν , φν)−Qε
ν
1 (Ξ
0)(αν , φν)‖L2 ≤ c‖αν‖1,2,ε+c‖piA0(αν)‖L∞‖piA0(αν)‖L2
and
Qεν1 (Ξ
1,ν)(Ξν − Ξ1) =−Fεν1 (Ξ1,ν)− C1(Ξ1,ν)(Ξν − Ξ1)
+
1
2ε2ν
d∗A0 [α¯
ν ∧ α¯ν)] + ∗ 1
ε2ν
[αν , ∗[α¯ν ∧ α¯ν ]]
whose norm can be bounded by cε
1−6/p
ν by the triangular and the Ho¨lder inequali-
ties.


12. Proof of the main theorem
The theorem 1.1 states the bijectivity of the map T ε,b which follows directly
from its definition 9.5 and the theorem 11.1, which prove its surjectivity, and in
addition it shows that T b,ε maps perturbed closed geodesics of Morse index k in to
perturbed Yang-Mills of the same Morse index.
Theorem 12.1. We choose a regular value b > 0 of the energy EH and an ε0 > 0 as
in definition 9.5, then there is a constant c > 0 such that for every Ξ0 = A0+Ψ0dt ∈
CritbEH the following holds. Let Ξ
ε = Aε +Ψεdt := T ε,b(Ξ0), 0 < ε < ε0, then
(1) ε2〈α+ψdt,Dε(Ξε)(α+ψdt)〉 ≥ c‖α+ψdt‖21,2,ε for any 1-form α(t)+ψ(t)dt ∈
dA0Ω
0(Σ, gP )⊕ d∗A0Ω2(Σ, gP )⊕ Ω0(Σ, gP ) dt;
(2) indexEH (Ξ
0) = indexYMε,H (Ξ
ε).
Proof. As we have already mentioned, Weber in [17] proved that the Morse index
of a perturbed geodesic is finite and for a generic Hamiltonian Ht its nullity is
zero. We are therefore interested in the behavior of the operator Dε(Ξε) respect to
D0(Ξ0) and in order to investigate that we consider the two parts of the orthogonal
splitting of the 1-forms
Ω1(Σ, gP ) =
(
dA0Ω
0(Σ, gP )⊕ d∗A0Ω2(Σ, gP )⊕ Ω0(Σ, gP ) dt
)
⊕H1A0(Σ, gP ).
We also recall that
‖Ξε − Ξ0‖2,p,ε + ε
1
p ‖Ξε − Ξ0‖∞,ε ≤ cε2,
∥∥dA0(Aε −A0 − αε0)∥∥L2 ≤ cε4
by the theorem 9.1 and the Sobolev estimate (6.1) provided that ε is sufficiently
small where αε0 is defined in the theorem 9.1. Integrating by parts we obtain for a
α+ ψdt ∈ dA0Ω0(S1,M, gP )⊕ d∗A0Ω2(S1,M, gP )⊕ Ω0(S1,M, gP ) dt:
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ε2〈α+ ψdt,Dε(Ξε)(α+ ψdt)〉
=ε2〈α+ ψdt,Dε(Ξ0)(α + ψdt)〉
+ ε2〈α+ ψdt, (Dε(Ξε)−Dε(Ξ0)) (α+ ψdt)〉
≥c‖α+ ψdt‖21,2,ε + ε2〈α+ ψdt,
(Dε(Ξε)−Dε(Ξ0)) (α+ ψdt)〉
≥c‖α+ ψdt‖21,2,ε − cε−
1
2 ‖Ξε − Ξ0‖1,2,ε‖α+ ψdt‖1,2,ε‖α+ ψdt‖0,2,ε
≥c‖α+ ψdt‖21,2,ε − cε3/2‖α+ ψdt‖21,2,ε
≥c‖α+ ψdt‖21,2,ε
(12.1)
where the third step follows by the quadratic estimates of the lemma 8.1 from the
Sobolev estimate of lemma 6.4 and the last one holds for ε small enough. We choose
now α(t) ∈ H1A0(Σ, gP ) and then we pick ψ(t) ∈ Ω0(Σ, gP ), such that
d∗A0dA0ψ = −2 ∗ [α ∧ ∗(∂tA0 − dA0Ψ0)]
Then
〈α + ψdt,Dε(Ξε)(α+ ψdt)〉 = 〈D0(Ξ0)(α), α〉 + ε2‖∇tψ‖2L2 +Q
Where
Q :=
1
ε2
〈
∗
[
α ∧ ∗
(
dA0(A
ε −A0 − α0) + 1
2
[
(Aε −A0) ∧ (Aε −A0)])] , α〉
+
1
ε2
∥∥[(Aε −A0) ∧ α]∥∥2
L2
+
1
ε2
∥∥[(Aε −A0) ∧ ∗α]∣∣2
L2
+ ε2‖[(Ψε −Ψ0), ψ]‖2L2 − 〈d ∗Xt(Aε)α − d ∗Xt(A0)α, α〉
− 〈2 [ψ, (∇t(Aε −A0)− dA0(Ψε −Ψ0)− [(Aε −A0) ∧ (Ψε −Ψ0)])] , α〉
− 〈2 ∗ [α ∧ ∗ (∇t(Aε −A0)− dA0(Ψε −Ψ0))] , ψ〉
+
〈
2 ∗ [α ∧ ∗ [(Aε −A0) ∧ (Ψε −Ψ0)]] , ψ〉
+ ‖[(Aε −A0), ψ]‖2L2 + ‖[(Ψε −Ψ0) ∧ α]‖2L2
and hence
(12.2) |Q| ≤ c1ε1/2
(‖α‖2L2 + ‖∇tα‖2L2)
for a positive constant c1; in order to compute (12.2) we need also to use
‖ψ‖L2 ≤ ‖α‖L2 , ‖α‖L4 ≤ ‖α‖L2 + ‖∇tα‖L2
where the first estimate follows from the definition of ψ and the second from the
Sobolev inequality. Therefore there is a constant c > 0 such that if α is an element
of the negative eigenspace of D0(Ξ0), then
〈α+ ψdt,Dε(Ξε)(α+ ψdt)〉
≤ − c (‖α‖L2 + ‖∇tα‖L2)2 + c1ε1/2
(‖α‖2L2 + ‖∇tα‖2L2) ;(12.3)
and if α is in the positive eigenspace for D0(Ξ0), then
〈α+ ψdt,Dε(Ξε)(α + ψdt)〉
≥c (‖α‖L2 + ‖∇tα‖L2)2 − c1ε1/2
(‖α‖2L2 + ‖∇tα‖2L2) .(12.4)
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Thus, by (12.1), (12.3) and (12.4) the dimensions of the negative eigenspaces of
D0(Ξ0) and Dε(Ξε) are equal provided that ε is small enough and hence we can
conclude that the Morse indices are equal. 
Appendix A. Estimates on the surface
In this section we list some estimates that will be needed all along this exposition.
The first two lemmas were proved in [3] (lemma 7.6 and lemma 8.2) for p > 2 and
q =∞; the proofs in the case p = 2 and 2 ≤ q <∞ is similar.
Lemma A.1. We choose p > 2 and q = ∞ or p = 2 and 2 ≤ q <∞. Then there
exist two positive constants δ and c such that for every connection A ∈ A(P ) with
‖FA‖Lp(Σ) ≤ δ
there are estimates
‖ψ‖Lq(Σ) ≤ c‖dAψ‖Lp(Σ), ‖dAψ‖Lq(Σ) ≤ c‖dA ∗ dAψ‖Lp(Σ),
for ψ ∈ Ω0(Σ, gP ).
Lemma A.2. We choose p > 2 and q = ∞ or p = 2 and 2 ≤ q < ∞. Then
there exist two positive constants δ and c such that the following holds. For every
connection A ∈ A(P ) with
‖FA‖Lp(Σ) ≤ δ
there exists a unique section η ∈ Ω0(Σ, gP ) such that
FA+∗dAη = 0, ‖dAη‖Lq(Σ) ≤ c‖FA‖Lp(Σ).
The following lemma is a symplified version of the lemma B.2. in [14] where
Salamon allows also to modify the complex structure on Σ if it is C1-closed to a
fixed one.
Lemma A.3. Fix a connection A0 ∈ A0(P ). Then, for every δ > 0, C > 0, and
p ≥ 2, there exists a constant c = c(δ, C,A0) ≥ 1 such that, if A ∈ A(P ) satisfy
‖A−A0‖L∞(Σ) ≤ C then, for every ψ ∈ Ω0(Σ, gP ) and every α ∈ Ω1(Σ, gP ),
(A.1) ‖ψ‖pLp(Σ) ≤ δ‖dAψ‖pLp(Σ) + c‖ψ‖pL2(Σ),
(A.2) ‖α‖pLp(Σ) ≤ δ
(
‖dAα‖pLp(Σ) + ‖dA ∗ α‖pLp(Σ)
)
+ c‖α‖pL2(Σ).
Lemma A.4. We choose p ≥ 2. There is a positive constant c such that the
following holds. For any connection A ∈ A0(P ) and any α ∈ Ω1(Σ, gP )
‖α‖Lp(Σ) + ‖dAα‖Lp(Σ) + ‖d∗Aα‖Lp(Σ) + ‖d∗AdAα‖Lp(Σ) + ‖d∗Ad∗Aα‖Lp(Σ)
≤c‖(dAd∗A + d∗AdA)α‖Lp + ‖piA(α)‖Lp(Σ).
(A.3)
Proof. For any flat connection A, the orthogonal splitting of Ω1(Σ) = im dA ⊕
im d∗A ⊕H1A(Σ, gP ) implies that there is a positive constant c0 such that
‖dAd∗Aα‖Lp(Σ) + ‖d∗AdAα‖Lp(Σ) ≤ c0‖(dAd∗A + d∗AdA)α‖Lp(Σ);
thus, we can conclude the proof applying the lemma A.1. 
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Lemma A.5. We choose p ≥ 2. There is a positive constant c such that the
following holds. For any δ > 0, any connection A ∈ A0(P ), α ∈ Ω1(Σ, gP ) and
ψ ∈ Ω0(Σ, gP )
‖dAα‖Lp(Σ) ≤ c
(
δ−1 ‖α‖Lp(Σ) + δ ‖d∗AdAα‖Lp(Σ)
)
,
‖d∗Aα‖Lp(Σ) ≤ c
(
δ−1 ‖α‖Lp(Σ) + δ ‖dAd∗Aα‖Lp(Σ)
)
,
‖dAψ‖Lp(Σ) ≤ c
(
δ−1 ‖ψ‖Lp(Σ) + δ ‖d∗AdAψ‖Lp(Σ)
)
.
(A.4)
Furthermore, for any δ > 0, any connection A + Ψdt ∈ A(P × S1), α + ψdt ∈
Ω1(Σ× S1, gP )
ε ‖∇tα‖Lp(Σ×S1) ≤ c
(
δ−1 ‖α‖Lp(Σ×S1) + δε2 ‖∇t∇tα‖Lp(Σ×S1)
)
,
ε2 ‖∇tψ‖Lp(Σ×S1) ≤ c
(
δ−1ε ‖ψ‖Lp(Σ×S1) + δε3 ‖∇t∇tψ‖Lp(Σ×S1)
)
.
(A.5)
Proof. The last two estimates follow analogously to the lemma D.4. in [13]. The
first can be proved as follows. We choose q such that 1p +
1
q = 1 then
‖dAα‖Lp(Σ) =sup
α¯
〈dAα, δ−1α¯+ δdAd∗Aα¯〉
‖δ−1α¯+ δdAd∗Aα¯‖Lq(Σ)
≤ sup
α¯
c〈δ−1α+ δd∗AdAα, d∗Aα¯〉
δ−1 ‖α¯‖Lq(Σ) + δ ‖dAd∗Aα¯‖Lq(Σ) + ‖d∗Aα¯‖Lq (Σ)
≤
(
δ−1 ‖α‖Lp(Σ) + δ ‖d∗AdAα‖Lp(Σ)
)
sup
α¯
c ‖d∗Aα¯‖Lq(Σ)
‖d∗Aα¯‖Lq(Σ)
=c
(
δ−1 ‖α‖Lp(Σ) + δ ‖d∗AdAα‖Lp(Σ)
)
.
where the supremum is taken over all non-vanishing 1-forms α¯ ∈ Lq with dAd∗Aα¯ ∈
Lq. The norm
∥∥δ−1α¯+ δdAd∗Aα¯∥∥Lq(Σ) is never 0 because∥∥δ−1α¯+ δdAd∗Aα¯∥∥2L2(Σ) = δ−2 ‖α¯‖2L2(Σ) + δ2 ‖dAd∗Aα¯‖2L2(Σ) + 2 ‖d∗Aα¯‖2L2(Σ) 6= 0,
otherwise we would have a contradiction by the Ho¨lder inequality and the operator
δ−1 + δdAd
∗
A is surjective. The second and the third estimate of the lemma can be
shown exactly in the same way. 
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